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VABSTRACT
HIGH-PRESSURE X-RAY DIFFRACTION
STUDY OF LINEAR POLYETHYLENE
September, 1977
Kenneth Paul Rozkuszka, B.A., Northeastern Illinois
M.S., Ph.D., University of Massachusetts
Directed by: Professor Frank E. Karasz
An opposed diamond anvil high-pressure cell is used in conjunc-
tion with wide angle x-ray diffraction techniques to provide a quantita-
tive description of the behavior and structure of the polyethylene crystal
lattice. X-ray diffraction of the polycrystalline sample subjected to a
pressure, while compressed between the diamond anvils, permits the
measurement of lattice parameters as a function of increasing pressure.
The isothermal P - V relationships may be obtained from the lattice
parameters and from pressure values determined utilizing an internal
pressure standard, sodium chloride.
By means of this technique, the response of the polyethylene
orthorhombic crystal lattice to pressures up to 8 kilobars was examined
from -75°C to 125°C at 25 degree intervals. Values for the linear com-
pressibility and linear thermal expansivity in the a, b and c axis direc-
tions were obtained, hence a quantitative measure of the thermo-
mechanical anisotropy of the polyethylene unit-cell. Volume data were
obtained from a knowledge of the pressure and temperature response of
the three crystallographic axes. Thus an analytical representation of
the equation of state is obtained, the resulting compressibility and
VI
thermal expansivity are compared with the results of previous experi-
mental and theoretical investigations.
The Cruneisen constant, y = -5lna}/6lnV (co is a lattice frequency
and V is the volume), is a quantity used to describe the volume depen-
dence of the force constants and vibrational frequencies of a solid.
Developed in the early 1900's only recently has the theory been applied
to solid high polymers. The difficulty of applying the Cruneisen theory
to polymeric solids is reflected by the rather wide spread of values
reported for the Cruneisen constant. Utilizing a modified Slater expres-
sion, derived by Pastine, we have obtained values for the Cruneisen
constant at various temperatures and are thus able to evaluate several
model systems, representing interactions in the polymeric crystalline
phase.
The second phase of this investigation is concerned with the
effect of pressure upon the melting process of crystalline polyethylene.
A combination of the aforementioned experimental technique and
polarizing microscopy allowed for analysis of the pressure dependency
of the melting temperature, the total entropy and volume change on
melting.
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1Introduction
A. Preface
This dissertation employs an experimental technique,
only recently applied to polymeric systems, which allows one
to evaluate the thermo-mechanical behavior of the polymeric
crystalline state. Since high polymers in the solid state
consist of two phases, the ordered crystalline phase and the
disordered amorphous phase, utilization of wide angle x-ray
diffraction methods permits observation of changes in struc-
ture and/or volume of the crystalline phase in response to
controlled variations of pressure and temperature.
This thesis has focused its attention on linear poly-
ethylene (PE), a polymeric material which is ordinarily in a
form that is a combination of amorphous and crystalline
states. We have obtained:
a) an analytical expression for the P-V-T equation of
state for the crystalline phase,
b) an estimation of the thermo-mechanical anisotropy of
the polyethylene unit-cell, and
c) an analysis of the effect of pressure upon the
melting process of crystalline polyethylene, pres-
sure dependency of the melting temperature, esti-
mation of the enthalpy, total entropy and volume
of fusion.
B. Polymeric Crystal Structures
Due to the long chain nature of polymer molecules,
their crystal structures are distinctively different from
those of non-polymeric molecules, such as sodium chloride.
The polymeric structure of the crystallizing material re-
sults in an introduction of numerous defect structures which
are not found in crystals of simpler materials . "^""^ Polymeric
crystals grown from solution, termed single crystals, are
less perfect than the terminology denotes. For example,
polyethylene dissolved in boiling xylene (0.1%) can be crys-
4-5tallized by cooling. The crystals formed assume the ap-
pearance of thin, flat plates, several hundred Sngstroms
thick and several microns in width. Experiments revealed
that the carbon chains were perpendicular to the large faces
of the platelet, indicating that the polymer molecule folded
back on it self in order to accommodate the order necessary
7for crystallization. Investigations of solution-grown crys-
tals have contributed to the basic understanding of the poly-
meric crystalline phase, but polymers crystallized from the
melt exhibit greater importance based upon their broader
commercial value
.
Polymeric materials crystallized from the melt grow as
dilating spheres, termed spherulites. A spherulite is com-
posed of radially distributed lamella, similar in dimension
and form to solution-grown crystals, which continue to grow
g
until neighboring spherulites impinge upon each other. With
the aid of a polarizing microscope, one can observe the
characteristic "maltese" cross pattern. This pattern is a
consequence of the optical anisotropy of the spherulite, the
radial and tangential refractive indices being of different
9
magnitude. In spite of these superstructural differences
between melt and solution crystallized polymers, the molecu-
lar geometry of the crystalline lattice is identical.
Addressing ourselves to the system studied in this in-
vestigation, linear polyethylene, the unit-cell displays
orthorhombic symmetry with two ethylene units per cell. In
his classic, also the initial, x-ray study Bunn"*"^ determined
the unit-cell dimensions and also the positions of the carbon
atoms within the cell.
At ambient temperature, the unit-cell dimensions of
polyethylene are a = 7.40 8, b = 4.94 c = 2.534 S. The
carbon-carbon chain is along the crystallographic c-axis and
the setting angle of the ethylene unit with respect to the
ab-plane is approximately 41°. The original analysis carried
out by Bunn is in essential agreement with more recent inves-
tigations "'"^ The ab-plane of the orthorhombic unit-cell
is shown in Fig. 1. An inherent asymmetry is the most impor-
tant feature of the polyethylene crystalline lattice, with
respect to its thermo-mechanical behavior. Along the carbon
chain axis ( c-crystallographic axis) the origin of forces is
due to intrachain interactions, as opposed to the lateral di-
rections (a and b - crystallographic axes) wherein interchain
interactions determine crystalline behavior. This anisotropy
is exhibited by the thermal expansion coefficients and the
elastic moduli for the specific lattice directions. The fact
that polymeric crystals display anisotropic properties is a
manifestation of the differences in binding forces operating
along the principal crystallographic directions of the crys-
tal lattice.
C. Thermo-mechanical Behavior
In order to understand the nature of the crystalline
state it is necessary to have a knowledge of the forces which
hold the atoms and molecules of the crystal together, and
determine its thermodynamic and mechanical properties. As
briefly mentioned in the previous section, the microstruc-
tures of many polymeric crystals have been determined by
13-15
x-ray diffraction techniques. These investigations have
yielded the experimental data necessary for a quantitative
description of the molecular arrangement within the unit-
cell. The geometrical ordering of the groups within the
polyethylene crystal is of paramount importance in describ-
ing the forces acting within the lattice.
Rigorous theoretical calculations of sufficient refine-
ment have yielded for polyethylene, crystal structures of
minimum free energy and information on moduli by considering
inter- and intramolecular interactions. Data generated by
Odajima and Maeda (1966) were obtained by separately miniraiz-
ing a, b and e (the angle between the extended carbon-carbon
chain and the b-axis) and considering near neighbor interac-
tions. Their study allowed for the calculation of the elas-
tic moduli for the a, b and c-axis directions of the poly-
ethylene unit-cell by considering the nature of the binding
forces within, and structure of the crystalline lattice.
The principal types of crystalline binding forces
operating in polymeric crystals are:
(1) van der Waals forces associated with fluctua-
tions in charge distributions which weakly bind
neutral atoms, or molecules together, and
(2) covalent bonds associated with the overlap of
electron distributions which strongly bind
neutral atoms together.
As previously mentioned, in polymeric crystals the
crystal force fields are anisotropic. This anisotropy is di-
rectly related to the molecular geometry of the crystal,
where the force constants along the chain are very much
greater than those between chains. Although this investiga-
tion has focused its attention upon phenomena associated di-
rectly with interchain interactions, we will also briefly
discuss those associated with intrachain interactions in or-
der to facilitate a more complete understanding of the thermo-
mechanical behavior of the crystalline state of polyethylene.
We will consider the directional moduli, parallel and perpen-
dicular to the molecular chain axis in polyethylene, and
their experimentally determined values, finally comparing
them with theoretical calculations based upon systems des-
cribing the inter- and intramolecular force fields.
The thermal expansion of a solid is closely related to
the elastic properties of the material. In light of this re-
lationship, brief mention will be given to the experimentally
determined values of the thermal expansion coefficients for
the crystallographic directions of the polyethylene crystal.
1. Intrachain Interactions
The elastic modulus of a polymer crystal parallel to
the molecular chain direction has been calculated by Odajima
and Maeda, Treloar, Shimanouchi and others. It has
been concluded that the modulus of elasticity associated with
the molecular chain axis ( c-crystallographic axis) in poly-
ethlyene is dependent almost entirely upon the intramolecular
force fields, and that the contribution to E (c-axis elastic
' c
^
modulus) from the intermolecular force field is approximately
0.2%. From the above observation it is reasonable to assume
as a working model, for intrachain interactions, a single poly-
mer chain sufficient
.
Calculations of this nature are concerned with the de-
formation of a molecular, chain while subjected to a tensile
stress. The change in length of a polymer chain is accounted
for by bond stretching and bond angle opening. The elastic
modulus, defined as
E = (F/A)(AL/L). (1)
is calculated from a knowledge of F the force, A the cross-
sectional area of the polymer chain and AL the total length
change of the polymer chain attributed to both bond stretch-
ing and bond angle opening. These constants have been deter-
mined for polyethylene and are available in the literature.
Treloar, in his calculation, found the modulus for a poly-
ethylene chain to be 182 x lO''-^ dynes/cm^.
A more elaborate method of calculation was performed
by Odajima and Maeda utilizing the dynamical theory of the
crystal lattice, developed by Born and Huang, relating the
macroscopic elastic constants of a crystal to its atomic in-
teractions. The intramolecular potential energy function was
defined in terms of changes in bond angles, lengths and non-
bonded distances. The force constants used were taken from
20the data of Shimanouchi et al . and Schactschneider and
21Snyder. For the sake of completeness, the intermolecular
force field was considered and non-bonded interactions be-
tween H - H, C - H and C - C were accounted for utilizing
both exponential-m and Lennard-Jones type potential energy
functions. The calculation of force constants from the poten
tial energy function was performed according to the method
DO J
outlined by Musgrave and Pople." This highly sophisticated
lattice dynamical calculation yielded values for the chain
axis and various transverse moduli. The elastic modulus
8along the c-crystallographic axis was calculated to be
256.4 X 10-^° dynes/cm^.
Experimental determinations of the elastic modulus of
crystalline polymers are carried out on highly oriented
samples. The x-ray method is the most direct, since the ex-
tension is measured as a function of stress applied to the
sample. As a result of the coexistence of amorphous and
crystalline phases in polymeric materials, even in highly
oriented linear polyethylene, it is necessary to assume some
relationship between the externally applied stress and that
stress transferred to the crystalline regions. The serai-
crystalline polymer is most characteristically represented
by a series model assuming uniform stress throughout the
sample, Reuss average, equal to the applied stress. Utiliz-
ing this assumption and x-ray diffraction techniques, Sakurada
23 10
and co-workers found the c-axis modulus to be 240 x 10
2 24dynes/cm for polyethylene. Shimanouchi and Schaufele de-
termined the longitudinal elastic modulus for a series of
hydrocarbon chains of finite length using Raman spectroscopy.
Low frequency vibrations, whose frequency was determined to
vary inversely with chain length, were found for a series of
short chain polymethylenes . It was shown by Mizushima and
Shimanouchi^^ that this is the characteristic frequency for
the longitudinal motion of the carbon chain and that this
frequency is related to the elastic modulus in the chain di-
rection. By extrapolation techniques an approximate value
for was determined to be 350 x lO"^^ dynes/cm^.
Thus far we have addressed ourselves to both experimen-
tal and theoretical determinations of the extensional (Young's)
modulus along the carbon chain in crystalline polyethylene.
With respect to the response of a polymer crystal to compres-
sional deformation, there is significantly much less work con-
ducted. Experimentally, the measurement of the compressional
modulus requires the use of a special high-pressure cell and
x-ray equipment capable of generating x-radiation of suffici-
ent energy to penetrate the cell superstructure and yield a
discernible diffraction pattern.
Pioneering work in this area was performed by Muller in
251941. Concerned with the van der Waals potential and lat-
tice energy of paraffin crystals he sought to determine,
using x-ray diffraction techniques, the linear compressibili-
ties in the main axis directions for three paraffinic crys-
talline materials. The limits of his accuracy prohibited any
better determination of the compressibility along the carbon
chain and values for this quantity were quoted as being less
than 3 x 10~''"^cm^/dyne . The unit-cells of these substances
possess orthorhombic symmetry and dimensions approximately
equal to polyethylene. Work reported in this area is very
27
rare and a subsequent study conducted by Ito and Marui in
t !
1971 exhibits results in agreement with Muller 's. For their
study a high-pressure x-ray diffraction cell was developed,
capable of allowing x-ray diffraction of a specimen under
10
pure hydrostatic pressures up to 3000 kg/cm^. Pressure versus
interplanar strain relationships were obtained in the three
principal axis directions and the ambient pressure linear
compressibility in the c-axis direction was determined to be
3.0 X 10"-^^cm^/dyne.
The theoretical calculation performed by Odaj ima and
16Maeda yielded values for the elements of the elastic matrix
for the polyethylene unit-cell. This study lists two dis-
tinct sets of elastic constants based upon "Set I" and "Set
III" potentials, the distinction being in the values of the
constants A, B and C in the potential function,
-6
U(r) = -Ar + Bexp - Cr. (2)
The most general and simplistic relation between the
components of stress and strain in a body can be expressed by
the tensor equation
= C.je. (3)
and its inverse
,
e. = S..0.. (4)
The set of C^^ determined by Odaj ima and Maeda are the ele-
ments of stiffness matrix for the polyethylene unit-cell and
are related to S^^ , elements of the compliance matrix, by the
definition
(S. .) = (C. .) (5)
11
(C^.) ^ is the inverse of the stiffness matrix. For
the orthorhombic symmetry there are nine independent constants
for which values are given by Odajima and Maeda. Inverting
their stiffness matrices, thus obtaining the compliance ma-
trices (S^j), it is possible to obtain values for the linear
compressibility in the chain axis direction. Values for
the c-axis compressibility are 3.1 x 10~"'-^cm^/dyne and
-13 210.3 X 10 cm /dyne for "Set I" and "Set III" potentials,
respectively
.
One shortcoming of the analysis by these workers was
that none of the four potential functions examined yielded a
minimum energy crystal structure congruous with observed
structures. Unfortunately, data from Teare"'"''" was used to
represent the equilibrium structure and although inconsistent
with their intermolecular potentials, the equilibrium elastic
constants were evaluated at these conditions. Odajima and
Maeda evaluated equilibrium elastic constants at a point in
their potential energy functions which indeed did not corres-
pond to the energy minimum dictated by these functions.
These elastic constants can be drastically shifted since they
are related to the second derivative, with respect to dis-
tance, of the potential function at this minimum point.
2. Interchain Interactions
As stated previously, properties in the a and b-axis
directions of polyethylene crystals are governed by inter-
chain forces. Interchain forces, ascribed to van der Waals
12
interactions, are considerably weaker than intrachain forces.
Thus the moduli, both compressive and extensional, can be ex-
pected to be much less in these directions than in the direc-
tion of the molecular chain.
Much of the work concerned with the determination of
the mechanical properties in the directions of the a and b-
axes has been performed by persons referred to in the pre-
vious section. A comparison of calculated and experimental
values for the extensional and compressive moduli in the a and
b-axis directions of crystalline polyethylene is given in
Table 1.
A comparison of the transverse moduli with the moduli
along the molecular chain reveals that they are an order of
magnitude less. The difference in the moduli along the a and
b-axes is considerably less, and is represented by the aniso-
tropic ratio R(b/a) in Table 1. Values of this quantity are
proximate each other and are essentially in good agreement.
The slight variation which exists between moduli along the a
and b-axes can be explained by examining the force system
maintaining the equilibrium structure.
In crystalline structures where nondirective forms of
bonding dominate, the structure assumed is most simply the
result of the most efficient packing of the units involved.
Concerning the distance of closest approach of molecular
units in a crystal, repulsion factors are of paramount impor-
tance. The intermolecular potential energy can be expressed
/
13
Table 1
Mechanical Properties
Along a and b-axis Directions of Polyethylene.^
Author E
a \1 R(b/ a) Ka \ R(b/a)
Theoretical
Odajima and Maeda 4. 76 8. 33 1. 75 5.4 11.1 2. 06
16 cOdajima and Maeda 5. 88 9. 09 1. 55 7.5 13.2 1. 76
30Wobser and Blasenbrey 9. 44 8. 56 0. 97
32Enomoto and Asahina 2. 13 2.,15 1. 01
Williams'^ 13. 7 11.,9 0. 87
Experimental
23Sakurada et al. 3.2 3.9 1.22
27
Ito and Marui 8.7 13.7 1.57
Horoi"^-'- 2.5 1.9 0.76
a. All moduli reported in units of 10 dynes/cm .
b. Based on "Set I" potentials.
c. Based on "Set III" potentials.
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as the sum of pairwise int ermolecular terms. Therefore,
the potential function is just the sura of electrostatic inter-
actions (static multipoles), dispersion energy and repulsion
terms corresponding to electron orbital penetrations, and
^ = ^elec.) ^disp.) ^rep.)-
Several authors have determined that between 80% and
90% of the sublimation energy of aliphatic hydrocarbon crys-
tals can be accounted for by the traditional London disper-
sion forces, with the remaining 10% to 20% coming from elec-
33-34trostatic interactions. These forces are direct ionally
insensitive and are not governed by the mutual orientations
of the individual molecules. Thus the crystal structure is
almost completely determined by short-range repulsions. For
the aliphatic hydrocarbon crystals these are largely H - H
(hydrogen-hydrogen) repulsions.
The reference to repulsive forces leads us into their
application to anisotropic crystalline properties. With
respect to repulsive interactions, a convenient description
of molecular shape is furnished by the repulsion envelope.
The repulsion envelope of a molecule is obtained by construct-
ing the repulsion sphere for each atom at the surface of the
molecule, conveniently tabulated as the van der Waals radius
of the atom. The repulsion envelope of a molecule is simply
represented as the integrated repulsion surface of its con-
stituent atoms. For example. Fig. 1 illustrates the repul-
15
sion envelopes of the ethylene units composing the polyethy-
lene unit-cell.
As a consequence of intermolecular interactions, inter-
actions between non-bonded electrons in near-neighbor mole-
cules, molecules in molecular crystals tend to assume orien-
tations such that their repulsion envelopes are in contact.
The shaded area in Fig. 1 represents the overlap of electron
orbitals of neighboring atoms. The molecules are packed in
such a manner as to yield a structure of minimum intermole-
cular (hydrogen-hydrogen) repulsion, also minimum volume and
maximum energy of attraction. This arrangement is known as
the structure of minimum free energy, and is at an energy
minimum for normal relative displacements including transla-
tions of the molecules. The structure of the polyethylene
crystal is primarily determined by the interactions between
six nearest neighbors and twelve next-nearest neighbors. The
body centered orthorhombic structure, with a potential energy
of -1.636 k cal/mole at 0°K, is the most energetically favor-
able arrangement for the planar zig zag conformation of poly-
T u • 30ethylene chains.
It should be noted that single crystals of most sub-
stances do not contract isotropically , even under the influ-
ence of a hydrostatic pressure. In order to contract iso-
tropically under an isotropic pressure, molecules must be
spherical and the crystal structure must be isotropic or at
the best cubic.
The nonspherical repulsion envelope, related to the
molecular geometry of the ethylene unit, qualitatively des-
cribes the anistropy of intermolecular forces in the a and b-
axis directions of crystalline polyethylene. The magnitude
of electron orbital overlap between adjacent nonbonded hydro-
gens is greater in the b-crystallographic direction (Ref.
Fig. 1). Therefore, the linear compressibility in this di-
rection is expected to be less than that in the transverse,
a-axis direction; indeed this is exhibited by the appropriate
results in Table 1.
Thermal expansion is the dimensional change which oc-
curs with a change in temperature and is related to the vol-
ume dependence of energies of interactions in solids. It
is thus logical to consider the thermal expansion of crystal-
line polyethylene at this point, since it is one of several
material properties primarily related to intermolecular in-
teractions .
An elaborate analysis on the subject of anharmonic ef-
36fects has been conducted by Liebfried and Ludwig, but a
simplified explanation of these effects will be sufficient
for this text. Thermal expansion is due to anharmonicity in
the potential energy of a crystal, thus a harmonic crystal
would exhibit no thermal expansion and would be mechanically
37
unstable.
If one approximates the crystalline structure by a
linear array of units, atoms or molecules, considering only
17
nearest neighbor interactions, the potential energy function
can be represented by a Taylor series,
E(r) = ECTq) + (T-T^)E'(r^) +
l/2(r-rQ)2E"(rQ) + l/6(r-rQ)3E'"(rQ).... ' (7)
Where ECr^) is the potential energy at the equilibrium posi-
tion r^. Since the potential energy curve is required to go
through a minimum at r^,
E'CTq) = 0. (8)
Therefore, the change E(r) - ECr^) is the total energy of a
solid as a function of the displacement (r - r^), either in
compression or expansion, where
E(r) - ECr^) = 1/2 ( r-r^ )2e " ( r^ ) + l/6( r-r^ )E ' " ( r^ ) . . .
.
(9)
If the amplitude of the displacement is minimal, such that
(r - r^) << r^, third and higher order terms can be neg-
lected and the energy change becomes,
E(r) - E(rQ) = 1/2 ( r-r^ )2e " ( r^ ) . (10)
This truncation is classically known as the harmonic approxi-
mation, third and higher order terras deleted as a result of
the small amplitude of vibration. Neglecting the terms
higher than second order (harmonic approximation) leads to
zero thermal expansion.
Assuming we have noncoupled vibrations, the thermal ex-
pansion of the crystal lattic can be determined by using the
18
classical expression
00 CQ
<r-ro> = l/e-'^/Wdxl-l/xe-y/M.j^,
-«>
-00 ^
where y = E(r) - ECr^) and x = (r - r^). Eq. (11) yields a
vanishing thermal expansion from E(r) - ECr^) of Eq. (10),
since the numerator of Eq. (11) is diminished to zero by the
harmonic approximation.*
It is apparent from this brief analysis that the har-
monic approximation fails to provide a quantitative descrip-
tion of the properties of crystalline solids, and it is an-
harmonic effects which give rise to thermal expansion. For
most solids the anharmonic effects are fairly small at very
low temperatures; however, with increasing temperature anhar-
monic effects become more important.
The anharmonicity of the crystalline force field is
conveniently expressed in terms of Grlineisen's constant y
defined by
=
-61nv^/51n V, (12)
th
where v^^ is the frequency of the i vibrational mode and V
35
the volume of the lattice. The value of Y is greater for
molecular and polymeric crystals than for ionic and covalent
crystals. For polymeric crystals it is the interchain vi-
brations which exhibit the anharmonicity. This situation has
00
* /xe-^"" dx = -l/2ae-^^
_i = 0>
.00
where x = r-r^ and a= l/2kTE"(rQ)
19
been proved by Swan/^ who has shown that thermal expansion
of polymeric crystals, including polyethylene, is much
greater in directions perpendicular to the chain axis.
The anistropy of the polyethylene crystal is also ob-
served in directions perpendicular to the chain axis. As
shown by Swan, the thermal expansion in the a-axis direction
is greater than the thermal expansion in the b-axis direction
This situation would indicate that the anharmonic effects of
lattice vibrations are greater in the a-axis direction.
D. Equations of State
Equations of a state relate pressure (P), volume (V)
and temperature (T) to one another and to other material pro-
perties. There are primarily two distinct methods which can
be used to determine the equation of state for a material.
The first method involves experimental measurement of volume
as a function of pressure and temperature. The results are
represented by empirical equations, their utility will be
discussed elsewhere based upon the methods of analysis. The
second method involves calculating the equation of state from
a knowledge of the forces which exist between molecules. The
derivation of a P - V - T relationship for a real material,
from a knowledge of these forces, involves the solution of an
extremely difficult many body problem. Limiting assumptions,
such as the restriction to pair interactions, usually yield
inadequate solutions.
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1. Empirical Equations
Some of the equations considered in this section have
at least a fractional theoretical foundation, but cannot be
used to calculate elastic energies for the materials to which
they are applied. Such empirical equations display their
value by extrapolation, interpolation and smoothing of
pressure-volume data and determining values of material pro-
perties such as the isothermal compressibility and its first
derivative with pressure, at both atmospheric and elevated
pressure
.
Mathematical representations for the equation of state
must be adopted, possible forms are, for example, 1) a trun-
cated Taylor series expansion of the volume with respect to
pressure, 2) a generalized form of Murnaghan's equation based
upon integration of an expression for the pressure dependence
of the bulk modulus, and 3) the Tait equation.
The power series representation of the equation of
state is its simplest form and has been used by many investi-
gators to describe the volume variation as a function of
3 8pressure. Polynomial equations representing P - V - T data
can be of the form,
n-1
V = Z a.(T)P^ (13)
i=0 ^
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where a is a temperature dependent material constant . Weir
used a variation of Eq. (13) to represent P - V - T data
within a few tenths of one percent over the range of pressure
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and temperature studied.
^ Once the material constants have been determined, the
isotherms of Eq. (13) can be plotted. The thermal expansion
coefficient a = ( 1/V) ( 6V/5T)p
, the compressibility
e = -(1/V)( 5V/5P)^ and the pressure coefficient of compres-
sibility (68 /6P)^ can be determined at any pressure and tem-
perature
.
In 1944, Murnaghan^*^ defined an equation of state, the
physical basis for which was that the bulk modulus was a
linear function of pressure,
B(P) = -V(5P/6V)^ = ^0 ^
^'o^^^- (l-^)
where it is specified that,
B'q = (6B/6P)p
^ Q. (15)
The validity of Eq. (14) depends upon a vanishing value of
Bq ' ' and higher terms.
Eq. (14) was integrated by Murnaghan, to find that
P = (Bq/B'q)[(Vq/V)^ ° - 1] , (16)
the logarithmic form of which can be written as,
ln(VQ/V) - B~^Qln[BQ(P/BQ) + l] . (17)
In the Murnaghan logarithmic equation, the bulk modulus is
expanded in a power series of pressure and all terms higher
than first order are neglected, as shown in Eq. (14).
It has been shown that Eq . (17) describes the behavior
of compressible solids more accurately than a cubic polynomial
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at high pressures, pressures in the 100- to 200-kbar* region,
but^he difference at lower pressures is negligible.'^-'-
Yet another analytical equation of state is represented
by the Tait equation,
1 - V/Vq = C m [1 + P/B(T)]
. (18)
The value of the constant C, in this expression, has
been frequently determined to be 0.0894 which reduces the
Tait equation to one parameter, B(T). It has been shown
elsewhere that the constant in Eq. (18) and the universa-
bility of the numerical value are not easy to interpret or
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relate to theory. Simha and Olabisi utilized this equa-
tion to represent P - V - T data on a series of polymers, in-
cluding a high molecular weight linear polyethylene, between
ambient temperature and 200°C and pressures up to 2kbars.
Explicit P - V - T expressions are of practical utility
for reasons previously mentioned, purposes of extrapolation
and interpolation, but these equations are analytical repre-
sentations and it is likely that they are of little value for
extrapolation beyond the fitted range.
2. Theoretical Calculations,
a. Statistical Theory
The crystalline solid state, by the nature of its geo-
*Internat ionally accepted term; Ibar denotes a pressure of
1.000 X 10^ dynes per square centimeter, 0.98692 atmos-
pheres.
metric arrangement and ordered separation of constituents,
can be represented by an idealized model which in turn can
accommodate a fairly quantitative statistical thermodynami-
cal treatment. The ideal crystalline model neglects such
realities as crystal imperfections, for instance dislocations
and vacancies, and surface effects. Having considered impor-
tant crystalline properties, specifically the geometric ar-
rangement and separation of constituents along with the form
and magnitude of the forces responsible for their stable
structure, it remains to derive from statistical considera-
tions other crystalline properties.
To know the equation of state of a solid we should have
its pressure as a function of temperature and volume. The
equation of state can be written as follows,
P = kT[ 61nQ/6V]
, (19)
where Q is called the partition function and plays an impor-
tant role in statistical theory. Once the partition func-
tion, denoted by Q which characterizes a canonical ensemble,
is known all thermodynamic functions of the system can be de-
termined. The definition of Q can be expressed by the fol-
lowing equation,
E . /kT
Q = S., ^ ^ .e ^ , (20)^ i(states) '
where such summations over energy states of a system fre-
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quently occur in the calculation of thermodynamic functions.
Some of the most practical and mathematically tractable
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efforts to obtain an equation of state for crystalline ma-
terials utilize the "harmonic approximation," previously dis-
cussed7 along with the Gruneisen assumption, which separates
the internal energy of a solid into static and thermal con-
tributions.
The partition function for vibration of a lattice with
a harmonic potential can be formulated as follows. For a
system of harmonic oscillators whose oscillations are inde-
pendent of each other and also independent of their own am-
plitude, the energy of the system can be written as
3N
E
=_2^ (n. + 1/2) hv. + Uq, (21)
where the quantity Uq represents the energy of the lattice at
a temperature of absolute zero. The partition function,
given by Eq. (20), follows,
Q ^ e-Uo/kT^ e-("l
^ l/2)hVi/kT^
^
_
^
""l Z e'^'^SN + l/2)hv3^/kT_ (22)
Using the formula for the sum of a geometric series, each of
the summations in Eq. (22) is easily evaluated and the par-
tition function can be written as
Q = e-^o/kT 3N ^-hVi/2kT _ ^-hVi/kT)-\ ^23)
i=l
The logarithm of this function is required by Eq. (19). and
accordingly
InQ = -U^/kT + Zhv./2kT + In (1 - e'^'^i/^'^^ (24)
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The pressure can now be evaluated and is given by
P =
-6Uq/5V + hZ(6v^/6V)
[1/2 + e-h^i/kT^^ _ ^-hVi/kT^-lj
^ ^^^^
Utilizing the Gruneisen parameter, defined by Eq. (12),
Eq. (25) can be written as
P = -6Uq/6V + hY/VZv^
[1/2 ^ e-^^i/k\l - e-h-i/^T^-l]
, (26)
where it is assumed that all frequencies have the same
volume dependence.
From the thermodynamic expression for the energy
E = kT2(61nQ/6T)
, (27)
Eq. (26) can be re-expressed as
P =-6Uq/5V + yE/V, (28)
which is classically known as the Mie-Gruneisen equation of
state. The first term on the right-hand side of Eq. (28)
represents the internal pressure and the second term the ther-
mal pressure
.
The polyethylene crystal is extremely anisxropic and
interchain vibrations are to a large extent independent of
the intrachain force field; although, there is no discrete
boundary between the two vibrational regions, high and low-
frequency. When considering low frequency perturbations,
contributions to properties such as the heat capacity, Cy^
and compressibility, 3^., are greater from the interchain po-
tential. Many of the properties of polymers are related to
the interchain vibrations and several equations of state cal-
culations have been performed using forms of the linear as-
sembly of perfect chain model first proposed by Brandt in
451957. The model assumes that polymers are parallel assem-
blies of chains with various degrees of perfection. From a
model such as this came the "bundle of tubes" models of
Barker and Broadhurst and Mopsik,^'^ from which bulk modulus
calculations for crystalline polyethylene were performed.
More detailed and recent calculations by Pastine "^^'"^^ have
resulted in development of an equation of state for bulk
polyethylene of varying degrees of crystallinity
. Pastine
constructed two equations of state for polyethylene, one for
the pure amorphous phase and the other for the pure crystal-
line phase. These were then combined according to the de-
gree of crystallinity for the bulk material. Pastine uti-
lized the Gruneisen assumption, separating the pressure into
static and thermal components.
50Heydemann and Houck measured the isothermal bulk
modulus of a sample of low density polyethylene using a hy-
51draulically operated piston and cylinder apparatus. The
3
material examined had a density of 0.919 g/cm at 23°C and
a crystalline content of between 50% and 60% at ambient
pressure conditions. These investigators compared their data
with calculated values supplied by Pastine. This comparison
is shown in Fig. 2. The agreement was found to be very good
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throughout the pressure range examined; the calculated values
deviating slightly at pressures greater than 5 kilobars.
Heydemann and Houck attribute this to a transition taking
place in the amorphous regions, which Pastine neglected in
his calculations. It is important to be aware of the valid-
ity of Gruneisen's assumption, but it appears that it is a
viable first approximation for the equation of state of crys-
talline polyethylene.
E. Melting of Polymer Crystals
Measurements of the effect of pressure on the melting
of crystalline polyethylene have been the subject of numer-
ous investigations. ~ High-pressure studies of the melt-
ing phenomenon are capable of yielding relationships between
melting parameters and structural properties, which experi-
ments performed at atmospheric pressure are not.
Polyethylene has a high degree of crystallinity , rela-
tive to other polymeric materials and exhibits a rather sharp
melting transition analogous to materials of lower molecular
weight. Because of these and other properties, it has been
one of the most widely used polymers for high-pressure stud-
55ies. Parks and Richards examined the P - V - T response of
polyethylene over the temperature-pressure range of 25° to
160°C. and approximately 2 kilobars, respectively. As is
characteristic of melting, the temperature-volume isobars ex-
hibit a discontinuity at the transition temperature, T^. The
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melting temperature was found to increase as a function of
pressure at a rate of about 0.02°C./atm, The data are usu-
ally fitted to a quadratic power series equation by the least
squares procedure, where \ = + a^P + 2.^^'^ . m all cases
the melting temperature was shifted in the range of 0.02 -
0.039°C. /atm. The pressure-induced shift of the melting
temperature and pressure range from several studies are shown
in Table 2.
Table 2
Pressure Dependence of T^ for Crystalline Polyethylene.
Author Shift (°C./atm.) Range (atm.)
52Baer - Kardos 0.039 3.0 x 10
Matsuoka^^ 0.028 3.0 x 10^
IDS ^
Osugi - Hara 0.025 5.0 x 10
Tsujita - Nose - Hata 0.0276 0.8 x 10
A very important and useful thermodynamic relationship, con-
cerning the equilibrium between phases at the transition tem-
perature, is the Clausius-Clapeyron equation
6T^/6P = AVp/ASy = T^AVp/AHp. (29)
This equation is a manifestation of the fact that at the
transition temperature T^, the Gibbs free energy of the two
phases is the same at equilibrium. Measurement of the tem-
perature coefficient (6T^/6P) and the volume change upon
melting (AVj,) can be used in conjunction with Eq. (29) to ob-
tain values for the enthalpy (AH ) and entropy (AS^) of fu-
sion. Previous investigations on the thermodynamics of melt-
ing have involved methods which required extensive extrapola-
tions to obtain values of AVp.^^"^^ Utilizing the combined
techniques of high-pressure optical microscopy and x-ray dif-
fraction, extrapolations are minimized and estimation of the
values for AH^, and AS-p become more direct.
30
Experimental
A. Sample Characterization
A high density linear polyethylene (Philips Petroleum
Co., Marlex 50) was used to form samples for this study.
Gel permeation chromatography was performed by the DeBell and
Richardson Testing Institute, Enfield, Conn. Calculated va-
lues for the number and weight average molecular weights,
based on polystyrene standards, were 4.67 x 10"^ and 7.07 x
410 with a polydispersity (Mw/Mn) of 15.0.
Degree of crystal linity was determined using material
which was heat treated in the same manner as samples used for
the high-pressure investigations. Two methods were used to
obtain estimates for the weight fraction crystallinity , dif-
ferential scanning calorimetry (DSC) and x-ray diffraction.
Weight fraction crystallinity from thermal measurements
can be obtained by using the following expression
= AH'p/AHp (30)
The melting peak area of the sample (AH'-p) is determined and
compared to the heat of fusion of a completely crystalline
polymer (AH^^). In the range of melting the heat capacity
(C ) of the material increases rapidly. A base-line is con-
P
structed connecting the smoothly increasing heat capacity be-
fore and after the melting occurs. Using the thermodynamic
relationship
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.
= / CpdT, (31)
the heat of fusion can be estimated graphically from the DSC
trace of heat capacity versus temperature.
^ The specific method used to estimate the weight frac-
tion crystallinity from x-ray diffraction techniques was de-
56veloped by Ruland. The weight fraction crystallinity is
expressed by
= (S^l^dS/ZS^lds, (32)
where S is the magnitude of reciprocal lattice vector I and
' c
I are the crystalline and total coherent scattering intensi-
ties. Eq. (32) is only an approximation of the crystalline
fraction due to contributions to the amorphous scattering in-
tensity from diffuse scattering crystalline regions, resulting
from lattice imperfections and thermal vibrations. This de-
crease of crystalline intensity was taken into account by
Ruland and he introduced a disorder function (D) into the
scattering intensity expression.
The crystallinity can be calculated using the following
equation
\ = ^c/^^c^^^a)' ^33)
where K is a correction factor defined as
K = /S^F'^dS/ZS^F^DdS, (34)
0 0
and F^ is the mean-square scattering-factor of the polymer.
I and I in Eq. (33) represent the amorphous and crystalline
a c
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peak areas of the scattering intensity curve. A diffraction
curve of an unoriented sample is obtained over a limited
range of angle; this range is assumed to contain a major por-
tion of the crystalline diffraction maxima along with most of
the amorphous halo. These are separated by constructing a
continuous curve connecting the minima between well-defined
crystalline diffraction peaks as indicated in Fig. 3. The
background scattering is subtracted from the scattering curve
and peak areas 1^ and can be determined graphically. The
value for K used in these measurements was 0.884, as deter-
57
mined by Fischer and Lorenz. Table 3 lists a series of
values for the weight fraction degree of crystallinity for
Marlex 50.
Table 3
Percent Crystallinity for Marlex 50 a
Sample DSC measurement X-ray measurement at 27° C
1
2
3
75.6
71.4
73.5
83.3
81.1
83.0
Unoriented, annealed sample
B. Equipment
X-ray diffraction techniques can be applied to materi-
als confined under pressure; valuable information concerning
phase boundaries, high-pressure crystal structures and lat-
tice compressibilities can be obtained. Several experimental
approaches capable of yielding such information for inorganic
and low molecular weight organic substances have been des-
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cribed. Such experiments are difficult when organic
substances are studied because of their lower diffracting
power, and are additionally complicated in the case of semi-
crystalline polymers by the invariable presence of an amor-
phous component and ill-defined crystalline entities. How-
ever, it is for polymers that high-pressure diffraction data
are particularly useful. Utilizing this technique it is pos-
sible to assess the thermo-mechanical properties of the crys-
talline phase distinctly.
Several of the experimental difficulties associated
with x-ray diffraction studies at high-pressures have been re-
duced in magnitude with the aid of modified, commercially
available equipment. The following sections detail the
equipment and techniques used in this study.
1. X-ray Generator and Radiation
A Rigaku-Denki rotat ing-anode x-ray generator (Model
RU - 3V) was utilized as the x-radiation source for this in-
vestigation. This unit, with a tube power of 6 kilowatts,
minimized the time requirement for film exposure. Ilford-G
x-ray film (Ciba-Geigy Co., England) was used because it of-
r
fered the best compromise between contrast and speed. At a
power setting of 60 kilowatts and 100 milliamps, exposure
times between 2 and 8 hours were practical. The exposure
times increased with both pressure and temperature.
The diamond-anvil pressure cell required the use of
x-radiation of sufficient high-energy which would not be
strongly absorbed by the diamond-anvils. Silver radiation
(K^ = 0.560834 2) satisfied this requirement. Since diffrac-
tion experiments require that the radiation be approximately
monochromatic, it was necessary to pass the x-ray beam through
a filter. The filter is primarily used to suppress the
p
component of the radiation spectrum and also increase the ra-
tio of intensity of to about 100 times in the trans-
mitted beam. A rhodium metal filter (K , = 0.53378 S) in
edge ^
the form of a thin foil, with a thickness of 0.05 mm., was
used for this purpose.
The rotating-anode unit requires much greater care and
more frequent protective maintenance than conventional gen-
erating systems. For instance, the average life of the
cathode-filament was only 200 hours as opposed to the quoted
-5 -6
600 hours. This unit requires a high-vacuum (10 - 10 mm.
of Hg) and generates considerable amounts of heat in the tar-
get and tube areas, thus cooling water is required for the
diffusion pump and the aforementioned areas. The current
water system is not a closed supply, consequently pressure
fluctuations hampered consistent operation. These difficul-
ties were mentioned as examples of those which delayed the
progress of this investigation.
2. High-Pressure Cell and Film Cassette
The initial development of an opposed anvil pressure
cell for use in x-ray diffraction studies at high-pressure
was done by Jamieson and Lawson in 1962.^° Their design uti-
lized amorphous boron to both contain the sample and generate
pressure. Since this material is essentially transparent to
x-rays it provided a window for the primary beam and dif-
fracted rays. The sample material is compressed between the
boron anvils and is exuded until an equilibrium situation is
reached, balancing the pressure causing the exudation and the
frictional forces between the anvils and samples. With this
design the x-ray beam is passed through the sample perpendi-
cular to the direction of the applied load.
A different design was developed by Piermarini and V/eir
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and also by Bassett and Takahashi. With their approaches
the anvils are constructed from diamonds and the x-rays pass
through both the anvils and sample parallel to the axis of
compression, as opposed to the perpendicular configuration of
the Jamieson and Lawson cell.
There are advantages and disadvantages to each design.
The boron anvil cell is mechanically the simpler and re-
quires shorter exposure times. The most significant advan-
tage of the diamond anvil cell is that it can be utilized for
optical microscopic studies. This technique allows one to
follow transitions optically, a valuable method of investiga-
tion unavailable with the boron cell.;'' Variations of diamond
anvil cells, with the x-ray beam parallel to the pressure
axis, are based on the optical cell first described by Weir
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et al. Primary drawbacks of the diamond cell are the cri-
tical diamond alignment requirements and small sample size.
A cross sectional view of the diamond anvil high-
pressure x-ray cell and film cassette used in this study are
shown in Fig. 4. The cell and cassette, designed by W. A.
Bassett, were purchased from the Department of Geophysical
and Space Sciences at the University of Rochester, Rochester,
New York. The cell consists of anvil (D) and piston (C) as-
semblies, both constructed from hardened steel. The anvil
and piston are machined out to produce semicylindrical cavi-
ties in which are set hardened steel rockers. Both rockers
are fitted with small brilliant-cut optical-quality diamonds
(G) each weighing about 0.025 grams. The culets of both dia-
monds are ground off to produce the anvil and piston diamond
faces which are approximately 1.2 and 0.7 mm in diameter,
respect ively
.
These diamonds are mounted in round, recessed areas in
the rockers which are on opposed ends of the anvil-piston as-
semblies. The diamonds are in direct contact with the steel
rockers and are secured with sauereisen cement. This adhe-
sive, a combination of silicates and asbestos powder, is
mixed with water to the consistency of a thin paste for ap-
plication. When allowed to dry, the resulting cement will
resist strong acids and organic solvents but can be removed
with boiling water. This cement is unaffected by high and
low temperatures and can be buffed with a wire brush to yield
a smooth enamel retainer for the diamonds. The basic diamond
setting is shown in Fig. 5.
Optical quality diamonds have very high compressive
strength and a very low compressibility, so they can be used
successfully as Bridgman anvils. The effect of mounting and
orientation on the strength of diamonds was studied by
Martin and Owen. With proper mounting, x-ray patterns can
be taken up to 300 kilobars routinely and with no fractures
occurring. It is necessary to align the diamonds so their
faces are accurately parallel to each other and perpendicular
to the axis of compression. Improper alignment can cause
diamond fractures at higher pressures and result in uneven
pressure distributions throughout the range of pressures ex-
amined. The rockers, mounted with their axes perpendicular
to each other and parallel to the diamond faces, provide com-
plete angular freedom for the diamonds with respect to each
other. The translat ional freedom in the plane of the faces,
necessary to permit coaxial alignment of the diamond faces,
is obtained by sliding the rockers along their axes with the
aid of precision set screws. Various techniques are used to
check alignment of the diamonds, of these optical methods are
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the easiest to use and most sensitive.
Parallel alignment of the diamond faces is obtained
with the aid of a Nikon stereomicroscope
. The diamonds are
illuminated with light passed through a cobalt blue glass and
viewed through ports which are perpendicular to the axis of
compression. This direction of observation allows one to
view the diamonds parallel to their faces. With the trans-
mission of cobalt filtered light parallel to the diamond
faces, the optical brilliance of the culets is reduced and
the faces can be viewed clearly. When observed with the low-
power stereomicroscope the diamonds appear deep blue in color
with an intense strip of blue light passing between the faces.
Parallelism of the faces can thus be determined by the uni-
formity of the width of the strip of light as the piston dia-
mond is moved to within 0.05 mm of the anvil diamond.
Experimental assessment of the degree of parallel align-
ment is obtained by observing a sample of silver iodide com-
pressed between the diamonds. The silver iodide is viewed
through the exit slit (I) in the anvil assembly, parallel to
the axis of compression, shown in Fig. 4. As the applied
load is increased a color change, yellow to white, can be ob-
served to take place across the diamond faces. This color
change is indicative of the phase transition occurring at a
pressure of 3.30 kilobars in silver iodide. Ideally, the
phase transition should initially occur at the center of the
diamond faces and advance uniformly in a radial manner as the
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applied load is increased. The pressure is generated by means
of a driver screw (B), also shown in Fig. 4. This optical
method also allows one to observe non-uniform pressure dis-
tributions due to non-parallelism of the diamond faces.
Pressure gradients are largest in opposed anvil units, and
therefore will be discussed in a following section.
The x-radiation is collimated by a leaded glass capil-
lary (A), shown in Fig. 4. This capillary has a diameter of
0.11 mm and is approximately 1.90 cm long. This length pro-
vides sufficient absorption of the silver radiation to yield
a very well defined incident x-ray beam. The capillary is
press fit into an aluminum retainer disk which controls the
distance between the end of the capillary and the piston dia-
mond. This distance is set at approximately 1 mm in order to
minimize divergence of the incident x-ray beam. The use of
glass for the collimator allows light to pass so that visual
observation of the beam path can be made. A high intensity
light source is used to illuminate the collimator, and the
collimated light beam is viewed through the exit slit. A low-
power microscope, mounted on a vernier, is used to center the
transmitted light beam in the exit slit. Movement of the col-
limator is controlled by three screws, set 120° apart in the
sliding piston.
The centering is examined by placing x-ray photographic
film between the diamonds and then applying a slight load.
The film is then exposed to the primary beam for a short
period of time. With the aid of the stereomicroscope it is
possible to observe the positional relationship between the
spot produced by the x-ray beam and the impression of the
piston diamond. The axes of the collimator, piston diamond
and exit slit should now be coaxial and parallel to the axis
of compression, within the limitations of the optical align-
ment techniques.
The film cassette (E) is attached to the body of the
pressure cell by four screws. These screws are contained
within four stainless steel rods (H) which govern the sample
to film distance. The cassette is curved with a 50.0 mm ra-
dius, and is positioned so that the center of curvature is
coaxial with the collimated x-ray beam. The cassette mounting
rods (H) and translating bars (F) enable one to move the cas-
sette relative to the body of the pressure cell. Alignment
of the cassette is obtained by means of templates (J) which
are attached to its sides. The templates facilitate adjust-
ment of the sample-to-film distance, set at approximately
50.0 mm, and coaxial alignment of the center of curvature
with the collimated x-ray beam.
The curved cassette is used because this geometry gives
the same diffracted beam path length throughout the range of
29 diffraction angles recorded. Thus, weaker diffraction
lines recorded at higher 29 angles are more easily resolved
than with flat cassettes. Diffracted x-rays are recorded
throughout a 29 range of 45° on each side of the primary
beam, as shown in Fig. 5. This angular limitation is governed
by the height of the exit slit in the anvil assembly. A thin
sheet of aluminum foil and flat-black paper compose the light
tight, x-ray transparent front of the cassette and a lead
plug is used to stop the primary beam. The aluminum absorbs
a portion of the Compton scattering from the diamonds, thus
reducing the background intensity of the exposed film and in-
creasing the contrast of the diffracted lines.
The pressure cell and film cassette assembly are
mounted on a stand which provides horizontal and vertical
freedom necessary to align the pressure cell and x-ray beam
emitted from the generator tube. This stand is securely an-
chored to the table of the generator. The position of the
cell is adjusted so that the axes of the collimator and x-ray
port are coaxial. The cell is then inclined so that the angle
between the axes of the collimator and port is equal to the
take-off angle of the x-rays from the target. This angular
adjustment is facilitated by maximizing the intensity of the
x-ray beam collimated by the leaded glass capillary. These
adjustments need only be corrected when the collimator is re-
positioned or the diamonds reset.
3. Temperature Control System
A schematic diagram of the temperature control system
used in conjunction with the high-pressure cell is shown in
Fig. 6. Heating of the sample is accomplished by means
of
three 35 watt ceramic heaters placed in the body of
the cell.
The heaters are capable of heating the samples to tempera-
tures as high as 300°C. The temperature is controlled and
measured by means of thermocouples welded to the pressure
gasket. With the aid of a power proportioning controller
(Honeywell) the temperature is maintained within ± l^C. of
the set point. Temperature of the sample is measured with a
digital thermometer (Digitec Model 564, Type T).
For low temperature studies the cell is cooled by a
stream of dry air which is passed through a coil of copper
tubing submerged in liquid nitrogen. The air flows through
liquid nitrogen reservoir to the pressure cell through va-
cuum transfer tubes, which minimize heat transfer from the
surroundings to the cold air. The air stream, directed at
the sample gasket, enters the pressure cell at tem.per atures
between -10° and -140° C.
,
depending upon the rate of air flow
through the heat transfer coil. The temperature of the air
stream is maintained below the desired temperature of the
sample. The heaters are activated in order to reach and
maintain the desired temperature. This opposed heating me-
thod allowed for more precise temperature control, approxi-
mately ± 2.0°C.
When operating at low tem.peratures the pressure cell,
film cassette and stand are enclosed in an insulated cham-
ber. The film cassette is separated from the main compart-
ment of this chamber by a sheet of polystyrene foam, approxi-
mately 1.3 cm thick. This partition is used to shield the
cassette and film from the extreme low temperatures in the
compartment containing the pressure cell. The translating
bars on the cassette are constructed of fiberglass, a mate-
rial which inhibits cold conduction through the steel mount-
ing rods. The partition and fiberglass bars are insulators
necessary to insure that there is minimal thermal contraction
or expansion of the x-ray film during the x-ray exposures at
low and high temperatures, respectively. Changes in the film
dimensions would result in erroneous values of the diameters
of the recorded Debye diffraction rings.
In order to study the melting of crystalline polyethy-
lene at high pressures it is necessary to control the rate of
temperature increase, since the melting temperature of poly-
meric materials is a function of heating rate. The pressur-
ized sample is heated at controlled rates by means of a power
proportioning temperature programmer (F & M Model 240M). It
is necessary to calibrate the rheostat of the programmer, be-
cause the continuous power increase required for a given heat-
ing rate is a function of the heat capacity and mass of the
pressure cell. Once this calibration is accomplished various
heating rates are available, but in this study a rate of
5°C/min. was used exclusively.
C. Gasket and Sample Preparation
The initial step in preparation of a sample involves
fabrication of the metal gasket, which will function as the
mm
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pressure vessel. A disk (4.78 mm in diameter and 0.55
thick) is punched from a sheet of platinum metal. This disk
is then compressed between the diamonds in order to produce a
shallow but well-defined impression of the smaller, piston
diamond. Viewed through the low-power stereomicroscope
, a
punch mark is made in the center of the hexagonal impression
with a needle. A hole is drilled through the disk with a
0.43 mm diameter jeweler's drill using the punch mark for
centering. The centering of this hole in the impression is
critical. It insures that the collimated x-ray beam passes
through the central portion of the sample, which experiences
the maximum pressure and more important minimum shearing
forces. Any burrs formed during the drilling operation are
removed with a small file and the impression and opposite
flat surface are then polished with a fine wire brush.
Various iron and nickel alloys have been reported to
a A
perform satisfactorily as gasket materials. Aluminum and
lead have been tested during the course of this investigation,
but were unsuitable because of their duct ility under pressure
.
As the piston diamond indents gaskets from these metals, the
cylindrical hole becomes distorted. This distortion results
in the production of a non-uniform pressure distribution in
the sample. Platinum, although very expensive, possesses the
proper combination of mechanical properties. It resists high-
pressure blow out and deforms, while under pressure, in a man-
ner not distorting the shape of the sample hole. The expo-
mi
P
P
sure time and shape of the pressure distribution curve are
greatly dependent on the gasket thickness. Thicker gaskets
provide a larger volume cylinder for sample containment, and
nimize exposure times since a greater quantity of the sam-
le is subjected to the primary x-ray beam. The shape of the
ressure distribution curve is largely dependent on the ratio
of sample diameter to height. Both parameters are governed
by the dimensions of the gasket hole. Therefore, thicker
gaskets result in greatly increased pressure gradients and
shearing forces. Conversely, the use of a thin gasket will
minimize the pressure gradient in the sample but also require
longer exposure times. For this study a gasket thickness
0.55 mm proved to be the optimum.
In order to prepare the sample, the gasket is placed
over the piston diamond using the impression as a guide.
About 3 mg. of a finely powdered mixture of polyethylene and
sodium chloride are placed on the flat surface of the gasket.
This powder is an 80 to 20 weigh_t percent mixture of poly-
ethylene to sodium chloride and will pass through a 200 mesh
screen. Viewing the gasket through the low-power stereo-
microscope, the material is directed into the gasket hole
and tamped lightly with the blunt end of a 0.30 mm diameter
drill. This procedure is repeated until the volume of the
gasket hole is filled. The weight of the compacted sample is
approximately 0.1 mg. The gasket and sample mounting proce-
dure is shown in Fig. 7.
The sample-filled gasket is then removed from the pis-
ton diamond and placed in an oven. The sample is then melted
at 180°C. and maintained at this temperature for a period of
30 minutes in order to insure complete melting. The oven is
then turned off and allowed to cool slowly to room tempera-
ture, a process completed in about 6 hours. The sample is
then annealed at 130°C. for 16 hours. This thermal treatment
results in fine crystallite grain size and increased crystal-
linity, both contributing factors in the production of more
continuous and intense Debye rings. Other factors likely to
influence crystallite size and degree of crystallinity in-
clude the degree of branching and molecular weight. It has
been shown that the orthorhombic unit-cell dimensions of
polyethylene are not unique, but depend on the physical and
6 5thermal history of a given sample. Therefore, all samples
used in this study were formed from the same lot of polyethy-
lene .
D. Stress Anisotropy and Pressure Gradients in
Opposed Anvil High-Pressure Cells
Numerous investigations have been conducted concerning
the stress anisotropy and pressure distribution in opposed
anvil high-pressure cells. ~ It can be generally stated
that opposed anvil cells do not generate rigorously applied
hydrostatic pressures in solid samples. Accordingly, a de-
tailed discussion of the stress and pressure is in order due
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to their effect on the thermo-mechanical properties sought in
this study.
The state of stress can be represented by three normal
components of stress and three shear components of stress.
The state of stress at any point in a material can be des-
cribed by three principal stresses, acting in mutually ortho-
gonal directions, in the absence of the shear components of
stress. The pressure (P) is given by
V = (G^ + + o^)/3, (35)
when a^, and are the principal stresses. This pressure
is called the hydrostatic pressure provided the deviatoric
stresses, = - P, are zero.
When a short cylinder, illustrated in Fig. 8, is com-
pressed in the axial direction it is subjected to an axial
stress, a Outward expansion of the cylinder here is inhi-
bited by adjacent material not experiencing the compressive
load exerted by the diamond anvils. Therefore, the bore con-
tracts in the radial and tangential directions. If the height
of the cylinder is small, distortion of the bore is negligible
and cyl indr ical symmetry is retained throughout compression
.
For these conditions the radial and tangential stresses are
equal and the pressure can be represented by the following
expression
P = (a^ + + Oq)/3, (36)
where a and are the radial and tangential stresses, re-
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spectively. The relationship between the stresses in ortho-
gonal and cylindrical symmetries is shown in Fig. 8.
Uniaxial compression of a sample contained within a
cylindrical gasket would produce a state of stress which can
be expressed in the following form
^r = = (37)
and
^2 = P + ^' (38)
'^eret is an additional stress in the axial direction. Equali-
zation of the stresses is incomplete, due to the finite yield
value of the sample material. The exact relationship between
the stresses depends on the mechanical properties of the
platinum gasket. Within the limits of the linear-elastic ap-
proximation, prior to yielding the lateral stresses on the
sample can be expressed as
= = (v/l-v)a^. (39)
If Poisson's ratio (^) is taken to be approximately
0.40 for the high-density linear polyethylene used in this
study, the ratio of the radial to axial stress is about 2/3.
Therefore, the radial and tangential stresses are lower than
the axial stress by about 33%. When the axial-radial stress
differential exceeds the compressive yield value of the ma-
terial, relaxation occurs. The criterion for yielding can be
expressed in terms of the principal deviative stresses. Ac-
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cording to von Mises, 69 when the stress invariant
(o^ - P)^ + (a - P)2 (40)
reaches a critical value greater than the compressive yield
value, i.e.
2a 2
c (41)
plastic flow occurs. This criterion appears to be more
erally accepted than others, e.g., Tresca. It is sometimes
assumed that the pressure becomes hydrostatic during plastic
flow. However, the stress invariant (2J'^) remains approxi-
mately equal to the yield stress of the material. The plane
compressive yield stress of high-density polyethylene with a
density of 0.975 g ml""*", corresponding to 83% crystallinity
,
is about 0.40 kilobars at atmospheric pressure. Polyethy-
lene does strain-harden, hence the stress invariant is ex-
pected to increase with pressure, as shown in Fig. 9. Also,
one must consider the temperature dependence of the yield
stress. Although the yield stress increases linearly with '
pressure, yielding and consequently plastic flow are expected
to begin at an average pressure of about 2,2 kilobars. This
value, based upon the equations listed previously and simpli-
fying assumptions, is in good agreement with the onset of
yielding observed in the room temperature compression of the
polyethylene sample. This yielding and the observed pressure
of its onset will be discussed in a following section.
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The pressures to which a solid specimen is subjected
decrease from the maximum value at the center of the piston
diamond area to atmospheric pressure at the edge of the dia-
mond. The pressure distribution curves are essentially para-
bolic in shape. A schematic representation of a typical
pressure distribution across the anvils is shown in Fig. 5.
Pressure gradients in the diamond anvil geometry have been
investigated by Lippincott and Duecker'^-'- using optical
methods. They measured the shift of the 1.9 x 10^ cm""^ ab-
sorption band in nickel dimethylglyoxime across the diamond
face as a function of applied load. They determined that the
compressibility and coefficient of friction of the material
between the anvils most significantly affect the shape of the
pressure distribution curve and the magnitude of the multi-
plication factor (P max./P ave.). In general the pressure
multiplication factor is inversely proportional to the com-
pressibility of the material compressed between the anvils.
Also, diamond misalignment resulted in displacement of the
maximum pressure (P ) from the center of the anvil.max^
72Montgomery et al . investigated the pressure distribu-
tion in gasketed samples compressed between carbide anvils.
They found that the shape of the pressure distribution curve
and magnitude of the multiplication factor are affected by
the diameter-to-thickness ratio (d/h) of the sample. Values
of d/h less than 10 resulted in steep distribution curves.
Pressures across the anvils were essentially constant and al-
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most equal to P^^^^ when d/h was between 10 and 20.
Pressure profiles and multiplication factors in the
diamond anvil geometry were investigated by Kulchinski
,
'^^
using the pressure dependence of the absorption of white
light by Thallium Bromide. He attempted to calculate the
multiplication factors and observe the pressure profiles in
gasketed samples, as both gasket and sample are compressed
between the diamond anvils. Kulchinski determined that the
multiplication factor decreased with both increasing pres-
sure and sample diameter. Also, pressure gradients were
drastically reduced when a gasket was used. At high pres-
sures, the pressure at the outer edge of the sample can be
no lower than the yield strength of the gasket material.
74According to Hill the pressure decreases from the
center of the sample according to the following expression
^r = ^max.^^P ^^^0 " ^^/^h, (42)
where is the maximum pressure at the center of the an-
max • ^
vil area, y is the coefficient of friction between the anvils
and gasket, r^ is the radius of the piston diamond face and h
is the equilibrium thickness of the gasket. This simplistic
expression takes into account those parameters most signifi-
cantly affecting the pressure distribution as determined by
Lippincott et al .
,
Montgomery et al . and Kulchinski.
The exact nature of the pressure profile generated by
the opposed diamond anvil cell used in this study is unknown,
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since no systematic investigation of the subject was made.
One of the most prominent results of the previous discussion
is the basic importance of the gasket in determining the
pressures in the sample and the variation of pressure across
the sample. It is obvious that a parabolic distribution of
pressure is present across the sample in the diamond cell.
When the powdered sample of silver iodide is compressed be-
tween the diamonds the maximum pressure is produced at the
center of the sample area and the high-pressure polymorph
appears first in this area. As the applied load is increased
the radial boundary between the low-and-high-pressure poly-
morphs, observed with the low-power microscope as a refrac-
tive index difference, moves towards the edges of the dia-
monds .
The pressure multiplication factor (P IV ) will
^ max
.
' ave
.
^
be affected by two parameters, the diameter-to-thickness
ratio (d/h) of the sample and the yield strength of the gas-
ket material. In this study, the prepressed gasket and
sample are about 0.36 mm thick with a sample diameter of
0.43 mm. This gives a d/h ratio of approximately 1.2 and
therefore high multiplication factors are expected. In fact,
the multiplication factor should be rather low due to the
relative high yield value of the platinum gasket, approxi-
mately 0.5 kilobars, compared to the maximum pressure gen-
erated, about 8.0 kilobars. Since the pressure at the edge
of the piston diamond cannot be greater than the yield value
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of the platinum gasket, irrespective of the load on the an-
vils, we assume that the pressure multiplication factor rea-
ches a maximum value of about 2 at a pressure of 8 kilobars.
E. Pressure Measurement
The most widely used method of pressure determination
with high pressure x-ray diffraction equipment utilizes an
internal pressure standard. The lattice parameters of the
standard are determined from the recorded x-ray diffraction
pattern and a pressure is obtained by comparing the calcu-
lated volume to a known pressure-volume relationship. Since
the sample and standard are in intimate contact it can be as-
siimed, within certain limits, that the sample and standard
pressures are equal. When hydrostatic pressure is applied to
a mixture of two materials with different elastic properties,
e.g. polyethylene and sodium chloride, the pressure on the
harder material is greater than that on the softer material.
The question of pressure intensification and how it applies
to Bridgman-Anvil pressure cells was considered by Sato et
75
al . For the case of nonhydrostatic pressures, they deter-
mined that the apparent pressure on the softer material,
NaCl (Kq = 237.4 kilobars), was greater than the apparent
pressure on the harder material, MgO (Kq = 1600 kilobars).
But they found this difference to be negligible and concluded
that pressure intensification does not occur in the opposed-
anvil high-pressure apparatus. In the case of polyethylene
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and NaCl, the elastic properties are more similar to each
other than are those of the NaCl-MgO mixture. Therefore, the
pressures determined from the volume change of NaCl are most
probably equal to the pressures on the polyethylene crystal-
lites.
Internal standards are utilized in x-ray studies of com-
pressibility, where accurate determination of pressures on
the sample material is necessary. Pressures are determined
by converting the calculated lattice parameter of the inter-
nal standard to a pressure according to a known pressure-
volume relationship. Since the lattice parameter is a con-
tinuous function of pressure, excluding the occurrence of
phase transitions, internal pressures can be determined at
any applied load.
Sodium chloride is the most widely used standard for
pressure determination from the calculated lattice parameter
and was chosen as the most suitable standard for this investi-
76gat ion. Jamieson studied the volume-pressure dependence of
NaCl up to pressures of 200 kilobars and concluded that no
phase transition occurs within this pressure region. The
fairly small bulk modulus of NaCl (237.4 kilobars at 1 bar
and 25°C.) provides fair sensitivity for pressure determina-
tions since slight changes in pressure result in significant
volume changes. The cubic structure of NaCl yields x-ray
diffraction patterns with relatively few lines, thus minimiz-
ing the chance of interference with the sample pattern. Also,
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as a result of the cubic symmetry the relative volume of the
NaCl standard can be calculated from the position of a single
diffraction line. Therefore, each diffraction line in the
x-ray pattern yields an independent estimation of the pres-
sure value. Banus and Lavine'^'^ examined the data from a
high-pressure x-ray study of a NaCl - TiO mixture. Their
results show that the pressures estimated from individual
lines of the NaCl pattern deviate erratically from the pres-
sure determined from the average volume change of all the
lines. Using the (200), (220) and (222) diffraction lines of
the NaCl pattern to obtain the volume change upon compression,
the standard error of the pressure estimate was found to be
± 1.25 kilobars for all pressures less than 15.0 kilobars.
However, the accuracy of the internal pressure values depends
upon the accuracy of the lattice parameter measurements.
Therefore, the quality of the x-ray patterns obtained during
sample compression and the accuracy with which the lattice
parameters of NaCl could be determined will be discussed in a
following section.
Increasingly reliable equations of state, giving the
pressure-volume-temperature relationship for several cubic
materials, have evolved from different theoretical models.
Accurate data for the elastic constants of these materials
are available. The pressure-volume relationship of NaCl was
78 — 80
thoroughly investigated by Bridgman up to 100 kilobars
pressure at ambient temperature by means of a piston-cylinder
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high-pressure dilatometer. Decker^^' ^2 derived the equation
of state for NaCl using the vibrational Mie-Gruneisen equa-
tion. The room temperature data from Bridgman agree well
with the 25°C. pressure-volume relation calculated by Decker.
At 50 kilobars, they agree within 1.02 kilobars and through-
out the 1 to 100 kilobar pressure range the pressure-volume
relation from Decker is consistent with Bridgman 's data
within 1 kilobar. The determination of pressure in all com-
pression measurements carried out in this study is based upon
the pressure-volume-temperature relation for NaCl as calcu-
lated by Decker. The pressure-volume isotherms for NaCl ac-
cording to Decker are shown in Fig. 10.
F. Technique - The Powder Method and Optical Microscopy
This methid involves the diffraction of monochromatic
x-rays by a finely powdered specimen. The collimator defines
a small diameter x-ray beam which strikes the gasketed sample
which is also seated between the diamonds, as shown in
Fig. 5. The x-rays diffract from the sample, a mixture of
NaCl and high-density polyethylene, in cones of radiation and
at angles corresponding to the lattice planes that satisfy
Bragg' s Law. Only the crystallites that are randomly ori-
ented in the powdered sample at the correct Bragg angle (9)
(for a given set of lattice planes) produce a cone of dif-
fracted x-rays. These diffracted x-rays are in phase and
w ill reinforce one another. Any other x-rays will scatter
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incoherently and produce the background radiation recorded.
The majority of the x-radiation passes directly through the
sample and is collected by the lead beam stop at the rear of
the film cassette.
The sample is pressurized by means of the screw mechan-
ism, shown in Fig. 4., which drives the moveable piston to-
wards the anvil. The diffraction pattern of the sample is
recorded at zero applied load, atmospheric pressure, and at
increased levels of applied load. About one hour is allowed
to elapse between loading and commencement of the x-ray ex-
posure, in order to allow for the equalization of pressure
throughout the sample. Exposure times from 2 to 8 hours are
necessary, increasing with applied load and temperature, to
record the x-ray diffraction pattern exhibiting diffraction
lines for both NaCl and polyethylene.
The Ilford-G film used in this study is a 35 mm film
with silver bromide on both sides. It is a very fast, high
contrast film and must be handled with care when loading the
cassette in order to avoid scratching the film. The film is
cut to the proper length and a hole punched for the beam
stop. The transmitted x-ray beam passes through the hole,
and this minimizes "fogging" of the film in the area near the
zero 9 position. After exposure the film is removed from the
cassette and is developed in x-ray developer solution for 4-8
minutes, washed in water and fixed in x-ray fixer for 6-10
minutes. The film is washed, immersed in a photo-flow solu-
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tion, which prevents water spotting, and allowed to air dry.
The method of determining 9 is to measure the distance
S between two opposed arcs of the diffraction cone recorded
on the film. For the cylindrical cassette it can be shown
that
e = S/4R . 180/7T, (43)
where 6 is the Bragg angle in degrees and R is the radius of
the camera, corresponding to the sample-to-film distance. In
order to insure the precision necessary in this study, film
shrinkage during processing has been taken into account.
This is achieved by calculating R at the beginning of each
compression series. From the Bragg equation
nA = 2d sin 9
, (44)
the value of R can be calculated from any diffraction line of
the standard substance since the wave length of the x-
radiation (X) and the lattice parameter for NaCl (a = 5.65028)
are known. The value of R was taken as the arithmetic average
of the values obtained for the three diffraction lines of
NaCl listed in Table 4. A redetermination of R is performed
when the applied load is relieved at the conclusion of each
isothermal compression series. In this way the internal
standard serves as a check on camera radius, sample-to-film
distance, as well as a pressure calibration.
A scanning raicrodensitometer (Nonius, model 2) is used
to insure accurate measurement of the distance between the
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Table 4
Cubic Unit-Cell d-Spacings for NaCl (25°C.).
d-Spacing (S) hkl I/I
0
2 . 8201 200 100
1.9941 220 55
1.6282 222 15
opposed arcs (S) of a given diffraction cone. The film is
laid flat on the glass plate which allows a narrow beam of
light to pass through the x-ray film and strike a photocell
connected to a microammeter
. The light beam is rectangular
with a variety of cross sections available. The beam normally
used was 0 . 8 mm long and 0 . 3 mm wide.
As the film is moved the beam scans the film laterally
and crosses over the diffraction lines. The current measured
by the ammeter is proportional to the intensity of light
striking the photocell. Therefore, the position of maximum
diffracted x-ray intensity, film darkening, within a diffrac-
tion line corresponds to a maximum negative deflection. To
determine the center of a diffraction line the deflection is
nulled and the sensitivity of the meter is continually in-
creased. The x-ray film can be laterally translated across
the beam in 0.01 mm increments. Four repeated measurements
on each pattern show that the position of maximum intensity
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within a given diffraction line can be measured to ± 0.02 mm.
From the measured distance between diffraction lines on
the film, the camera radius can be determined from the known
d-spacings of NaCl, listed in Table 4, using equations (43)
and (44). Once R has been established, these same equations
are used to determine the d-spacings of: (1) the polyethy-
lene specimen at atmospheric and high pressure, and (2) the
NaCl internal standard at high pressure. Measurement of the
change in the NaCl d-spacings from the diffraction lines gives
the value of the fractional change in volume (AV/Vq). For the
cubic system AV/Vq can be written as
AV/Vq = 3(Aa/aQ) = 3(Ad/dQ), (45)
and
Ad/dQ = d^ - d^/dQ, (46)
where d^ and d^ are the d-spacings at atmospheric and high
pressure, respectively. Utilizing the P - V - T relation
81from Decker, Fig. 10., an estimate of the pressure is ob-
tained from the isothermal fractional change in volume
•
Birefringence is an effective technique for measurement
of the crystalline melting in polymers. Birefringence is a
result of the optical anisotropy of a material which may be
expressed as
A = n-^ - ^2' ^^^^
where n- and n^ are the refractive indices in two orthogonal
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directions. Birefringence occurs in melt crystallized poly-
ethylenes because of the refractive index difference between
the radial and tangential directions in the spherulite. With
a polarizing microscope, the characteristic Maltese-cross ex-
tinction pattern can be observed. When a crystalline polymer
is heated the birefringence gradually disappears as crystal-
lites of varying degrees of perfection raelt.^ When the high-
est temperature of melting is reached the birefringence is no
longer observed since an unstrained polymer melt is optically
isotropic
.
The polyethylene sample, contained within the gasket, is
observed through the exit slit in the anvil assembly of the
high pressure cell. The x-ray collimator is removed to provide
sufficient, even illumination of the sample. The analyzer is
adjusted to the cross position with respect to the polarizer,
in order to observe the extinction pattern. The temperature
programmer is used to control the rate of heating, 5°C./min.
That temperature at which the extinction pattern is no longer
observed is recorded as the melting temperature (Tm). Fig. 11
shows the disappearance of the sample birefringence as a func-
tion of increasing temperature. All photographs were taken
with the same exposure time, using Polaroid film. At the
melting temperature, T = 134°C. at atmospheric pressure, the
dark field pattern observed through the polarizing microscope
disappears. At this heating rate a precision of ± 1°C. can
be obtained when estimating Tm,
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The melting temperature was measured at high pressures.
Following each measurement the sample was discarded and the
next measurement was performed on a new sample
. This was ne-
cessary because the pressure gasket is irreversibly deformed
and upon release of the applied load the polyethylene sample
exudes from the gasket hole. X-ray photographs of the pres-
surized sample at Tm were taken in order to obtain an esti-
mate of the pressure. Pressure estimates were gotten from
these x-ray exposures using the method previously described
on p. 60.
As the temperature is raised the crystalline x-ray pat-
tern becomes less intense. At the equilibrium melting tem-
perature it was not possible to obtain an x-ray pattern from
the polyethylene crystalline phase. Therefore, the x-ray
exposure was taken at approximately 10 degrees below the ob-
served melting temperature. At any given pressure, the spe-
cific volume of crystalline polyethylene is extrapolated to
the observed melting temperature in order to obtain V(,(Tm).
G. Experimental Error and Accuracy
Two types of errors are associated with any measurement;
they are random errors of observation and the experimental
errors inherent in the system. For the diamond anvil high-
pressure x-ray cell, five sources of error in 6 must be con-
sidered: (1) absorption and divergence of the x-ray beam;
(2) change in the sample-to-film distance; (3) change in film
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dimension; (4) pressure gradient effprt<=:- ^nH rc:^sxctuj.euL iiects, and (5) measurement
of the positions of the various diffraction lines on the film.
The first essential is that 6 be accurately measured, and the
first four effects mentioned above (absorption, sample-to-
film distance, film shrinkage, pressure gradient) are all sys-
tematic errors in the measurement of this parameter.
Because of the negligible absorption of the silver ra-
diation by polyethylene and sodium chloride the centers of
the diffraction lines can be taken as the correct positions.
Divergence is not considered a serious source of error and is
virtually eliminated by the use of the small diameter circu-
85lar pinhole collimator. The sample-to-film distance error
and changes in the film dimension are essentially eliminated.
The sample-to-film distance is calculated directly from the
pattern produced by the NaCl internal standard at 1 bar pres-
sure and each temperature investigated. This technique tends
to cancel out any error in the lattice parameter determination
as a result of changes in the film dimension from temperature
effects and shrinkage during the developing process. The
saraple-to-f ilm distance is recalculated at the conclusion of
each compression run in order to determine if any reseating
of the diamonds occurs. Shortening of this distance during
the compression run is negligible and could not be detected.
The presence of pressure gradients tends to broaden the dif-
fraction lines. Powder lines are comparatively weak and when
broadening occurs the sharpness and contrast of the diffrac-
tion lines decrease further. The measurement of center of
these broadened lines is therefore more difficult since the
peak intensity to background ratio is reduced.
The random error associated with the measurement of the
distance between opposed diffraction lines (S) has been de-
termined from four readings on the x-ray film. The measure-
ments reveal that the distance between opposed diffraction
lines can be measured to ± 0.04 mm. The standard error of
the estimate of a given distance S, calculated from the four
independent measurements, is + 0.023 mm. In the final analy-
sis, the accuracy of the d-spacings is primarily limited by
the measurement error. The standard error of the estimates
of S correspond to a fractional standard error in the d-
spacings of polyethylene and sodium chloride from 0.07 per-
cent to 0.17 percent, depending on the magnitude of 9.
The pressure estimate is obtained from the increase of
the distance between the diffraction lines of NaCl. There-
fore, the error in the pressure estimate will depend on the
measurement error. The d-spacing is altered by elastic de-
formations and this change can be determined from the x-ray
diffraction pattern by means of Bragg' s Law, since
/
d = nA/2 sin 9. (48)
Two diffraction patterns, one of the stress-free state
and the other of the stressed state, are necessary to calcu-
late the average linear strain (e) in a direction perpendicu-
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lar to the lattice planes. Hence, if and d^ represent the
d-spacings at atmospheric and high pressure, the linear strain
can be written as
e: = Ad/dQ = d^ - d^/dQ. (49)
The strain e for a lattice spacing under a pressure can be
calculated from the differential form of the Bragg equation
e = Ad/dQ =
-cot BqAB, (50)
where d^ and 9^ are, respectively, the lattice spacing and
Bragg angle at atmospheric pressure and AG is the change of
the distance between diffraction lines on the film. The stan-
dard error for measuring £ has width of Ae = 1,2 x cot 9^ x
-4
10
,
which corresponds to the standard error width of
0.023 mm in the measurement of the center of the diffraction
lines. The apparent pressure which is observed from the mea-
surement of the lattice constant has an error associated with
it which corresponds to the width As and can be expressed as
P , = + AP = P^ - 3K„A£, (51)obs true true 0 ' ^ ^
where Kq is the bulk modulus of the internal standard and Ap
is the error in the pressure estimate.
Using the (200), (220) and (222) diffraction lines from
the sodium chloride internal standard it is possible to calcu-
late a standard error for the pressure estimates. The result-
ing standard errors are shown in Table 5. From these calcu-
lations, a standard error of ± 0.65 kilobar can be expected
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Table 5
Error of the Pressure Estimate.
r hkl ^ qK Cleg;
-Cot 6q Ae X 10 S^(Kbar)
200 5. 706 10. 007 1.201 0. 85
220 8.084 7.040 0. 845 0.60
222 9.917 5. 719 0.686 0.49
in the pressure estimates. This corresponds to a fractional
standard error of 32.5 percent at 2 kilobars, 13.0 percent at
5 kilobars and 9.3 percent at 7 kilobars.
I
I
I
I
I
I
I
I
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Experimental Results
Fig. 12 shows the unit-cell dimension-pressure curves
of polyethylene at 250C. Seven reflections were used for the
compression measurements and they are: (lio), (200), (020),
(Oil), (111), (201), and (121). The sodium chloride reflec-
tions are: (200), (220), and (222). The lattice parameters,
as well as an estimate of the standard error for each were ob-
tained by least squares refinement of the equation
sin^e. = A2/4(h,2/a2 + k.^/b^ 1.2/^2), (53)
where (hkl) are the Miller indices of each reflection. In
order to obtain an estimate of the standard error for each
lattice parameter it is required, refer to Appendix 1, that a
minimum of five reflections be used in the refinement. In an
unweighted least squares refinement, the reflections with
larger indices (hkl) count more heavily. It is of interest
to note that the low-angle reflections of crystalline poly-
ethylene are of much greater intensity, as shown in Fig. 13,
and as a result their positions can be measured with somewhat
better precision. Hence, the two effects ten to cancel each
other and each reflection contributes about equally to the
refinement. Table 6 gives the numerical data for the 25°C.
isothermal compression of the polyethylene unit-cell.
The lattice parameters and estimates of the standard
errors from each isothermal compression series, together with
values of the crystalline density (P) and specific volume (V)
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calculated from the lattice parameters are summarized in
Table 7. The unit-cell dimension-pressure curves for each
isotherm listed in Table 7 appear in Figs. 14-21.
In order to reexamine the thermodynamics of the melt-
ing process of crystalline polyethylene, the melting tempera-
ture-pressure relation has been determined. The experimental
data are listed in Table 8, and are plotted in Fig. 22. The
melting temperature at atmospheric pressure is the average of
several determinations. Melting temperatures at the higher
pressures are singular determinations, and it is assumed that
the measurement error is similar to that at atmospheric pres-
sure. Analysis of the pressure dependence of the melting pro-
cess required a knowledge of (Tj^) and (T^^), the speci-
fic volume of the crystalline and liquid phases at the melting
temperature, respectively; also of 3V (T^)/3P and ^V, (T )/SP,cm" Im'
their rates of change with pressure. The extrapolation method
used to determine V (T^i) at high pressures has been described
previously. The results of Matsuoka for V^CT^^^) of poly-
ethylene (Marlex 50) at pressures up to 3 kilobars , are used
in this analysis. The specific volumes of the crystalline
and liquid phases along the melting curve are shown in Fig. 23
and the numerical data are listed in Table 9.
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Table 8
Iting Temperature of Polyethylene Under Pre
P(bars) AP/P(xlO^) Tm(°C± 1°C)
1 134
850 76.5 156
1300 50. 8 167
1600 40.6 175
2350 27.9 192
2550 25 7 1 Q
3000 21. 8 205
3450 18. 8 212
3550 18.4 213
3900 16.7 219
4850 13.4 235
5450 11.9 240
6000 10. 8 245
6950 9.4 253
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Table 9
Specific Volume of the Crystalline and Liquid Phases
of Polyethylene (Marlex 50) at the MPltinc TemDerature
Data from this study Data from Matsuoka86
Pressure Extrapolated Specific Pressure Specific Volume
(bars
)
1
850
1300
1600
2350
2550
Volume (cm /g)
1.033
1.013
1.006
1.001
0. 990
0.987
(bars
)
1
130
1010
2030
3040
(cm /g)
1.269
1.247
1.194
1. 150
1.112
3000 0.981
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Calculations and Discussion
A. Thermal Expansion of the Polyethylene Crystal Lattice
A great deal of interest has been shown in the aniso-
tropic thermal expansion of the polyethylene crystal lat-
87, 88 _xice. The temperature variation curves for the a and b
crystalline axes of linear polyethylene, at atmospheric pres-
sure, are shown in Fig. 24. Fig. 25 shows these curves con-
verted into plots of density and specific volume against
temperature. Table 10 lists the crystalline lattice para-
meters and also the calculated densities and specific volumes
at the temperatures investigated. The agreement with earlier
work is very satisfactory.^^ It is interesting to note that
the data show a slight contraction of the b-axis with rising
temperature, above 100°C. This variation is close to the
limits of experimental error, but the fact that this contrac-
88tion has previously been observed by Cole and Holmes and
12
also Swan removes a certain degree of doubt concerning its
existence
.
The data listed in Table 10 were fitted to third-order
polynomials by the method of least-squares and the coeffici-
ents are listed in Table 11. From these polynomials, the
linear and volume thermal expansion coefficients for the
polyethylene crystal lattice can be determined. At atmos-
pheric pressure and T = 25°C the a- and b-axis thermal expan
= X iu~^
a
sion coefficients are a„ 2.28 x 10 /°C and = 4.38 x
81
Table 10
Lattice Parameters, Crystalline Density and <=^p.n,,,.
Polyethylene at Atmospherl r. Pressure
T(°C) a-axis(8) b-axis(8) Density (g/cm^) Volumr( cm^/g
)
-75 7. 212 4.919 1.0347 0. 9665
-50 7. 251 4 92R "1 A O ^ 0.9738
-25 7. 289 4.937 1.0188 0.9816
0 7. 323 4.943 1.0129 0.9872
25 7. 379 4 .952 1.0046 0.9934
50 7.410 4.954 0.9963 1.0037
75 7.463 4.956 0. 9890 1.0111
100 7. 543 4.958 0.9787 1.0218
125 7.630 4.950 0.9712 1.0297
Table 11
3
Coefficients of the Polynomials
, X = a^^T"^, at
Atmospheric Pressure, Temperature Range -75 to 125^0.^
X
a-axis (S)
b-axis (S)
3Density (g/cm )
^0 a^xlO"^ agXlO^ a^xlO^
7. 327 1.496 2.233 4.041
4. 944 0.289 -1.072 -1. 221
1. 0121 -0. 3030 -0. 1195 -0.0701
0. 9880 0. 2954 0.2223 0.0
a. Maximum error of fit less than 0.1% in all cases.
-5
10 /oc, respectively. Under the same conditions the volume
thermal expansion coefficient is 3.08 x IQ-^/oc. The aniso-
tropy of the thermal expansion coefficients along the a-axis
and b-axis directions is 5.2. The anisotropy of the thermal
expansion of the polyethylene crystal lattice determined by
Swan is 5.8, where = 2.2 x lO'^/oc and = 3.8 x 10"^/°C.
Swan's experimental value for the volume coefficient of ther-
mal expansion is 2.8 x 10~Vc, and a calculated value from
Schuyer is 2.5 x 10~^/°C.
Since thermal expansion is due to anharmonicity in the
intermolecular potential energy of a crystal, it is reason-
able to consider thermal expansion as one of several pheno-
mena with which to interpret the concept of anharmonicity.
As the crystal is heated the amplitudes of the molecular vi-
brations are large enough to produce significant deviations
from the simple harmonic approximation of motion, Hooke '
s
Law. The magnitude of the thermal expansion is directly re-
lated to the degree of anharmonicity. Therefore, it is ob-
vious that the anharmonicity in the intermolecular potential
energy is greater in the a-axis direction of the crystal
lattice
.
B. Anisotropic Elastic Response of the Polyethylene
Crystal Lattice to Pressure.
Polymer crystals are characterized by the anisotropy of
binding forces between units in the crystal lattice. The
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intrachain force constants, parallel to the c-crystallographic
axis, are governed by the covalent bonds in the molecular
chain. Since the covalent bond has a much greater force con-
stant than the van der Waals bond, operating in the plane
perpendicular to the molecular axis, it is reasonable to as-
sume that dimensional changes in the crystal lattice under
pressure will take place primarily in the a- and b-axis di-
rections
.
The pressure-lattice parameter plots for the a- and b-
axes shown in the preceding section can be represented by the
polynomial
1 = Cq + c-^P + 02?^ + CgP^, (53)
where c^
,
c^, and c^ are the coefficients for each iso-
therm and P is the pressure. The coefficients were determined
by a least-squares computation based on Eq, (53), relating
the a- and b-axis dimensions and pressure for each tempera-
ture of observation. The polynomial coefficients for the a-
and b-axes, at each temperature, are listed in Tables 12 and
13, respectively.
The regression coefficients attached to the separate
powers of P will generally be highly correlated with one an-
other. Thus the standard errors of the coefficients are, in
themselves, of very little value as measures of the precision
with which the effect of P has been estimated. The calcula-
tion of confidence regions for sets of coefficients is also
84
Table 12
Coefficients of the Polynomials, a = 2 a.P
i=0 ^
1 a
Pressure Range
(Kbar) ^0
2
a^xlO a^xlO a^xlO
-75 0-7. 30 7.212
-3. 798 2. 521 -1. 352
-50 0-7. 50 7.251 -4. 583 4.246
-2.009
-25 0-7.55 7. 289
-5.592 5 . 459 -2 on
0 0-7. 60 7.323
-6.485 6. 254 -2. 248
25 0-7.60 7. 382 -7. 359 6.615 -2. 036
50 0-8. 80 7.409 -8. 394 10. 11 -5. 801
75 0-7.60 7.460 -9. 358 8. 597 -3.570
100 0-6.90 7.542 -11. 70 12.67 -5.964
125 0-7.50 7.629 -18.57 31.26 -20.25
a. Maximum error of fit less than 0.14% in a for all
isotherms
85
Table 13
3
Coefficients of the Polynomials, b = E b.P^.^
i=0 ^
(Kbar) ^0
b^xlO . 4b2Xl0 bgXlO^
-75 0-7.30 4. 919
-2. 148 8.086 -3. 344
-50 0-7.50 4. 928
-2.210 7. 169 1.498
-25 0-7. 55 4. 937
-2. 507 8.416 5. 169
0 0-7.60 4. 943 -2. 794 3.986 12.09
25 0-7.60 4. 951
-3.033 15. 19 -11.96
50 0-8. 80 4. 953 -3.504 26.16 -13. 19
75 0-7.60 4. 953 -3. 897 34.69 -17.00
100 0-6 .90 4. 957 -4.136 40.07 -29. 85
125 0-7. 50 4. 950 -4. 327 53.56 -40. 77
a. Maximum error of fit less than 0.21% in b for all
isotherms
•
unsatisfactory. It is fairly difficult to assess the practi-
cal effect of a decrease in the coefficient of P accompanied
2by an increase in the coefficient of P . The most meaningful
representation of the precision with which the effect of P has
been determined is thus a plot of the fitted relationship,
and a comparison between the observed and predicted values.
It should be emphasized that the polynomials listed in
Tables 12 and 13 reproduce the a- and b-axis dimensions,
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within the ranges of pressure measured. Extrapolation beyond
the maximum pressure, listed in Tables 12 and 13, is not
valid and will lead to serious errors since a polynomial is
fitted in order to smooth out fluctuations in the data, not
because it represents the actual relationship.
The mechanical anisotropy of the polyethylene crystal
lattice under pressure can now be estimated quantitatively.
The linear compressibility, abbreviated as 3^, can be defined
as
-1q-\61/5P)^. (54)
The coefficients a^
,
a^, 3.^ and a^ listed in Table 12 are the
coefficients in the expression
1(P) = + a^P + a^P^ + agP^. (55)
From Eq. (54) we have at once
3^ =(a^ + 2a2P + SagP^)^^ (56)
and also
(63^/6P) = 2a2 + eagP, (57)
the compressibility and the change of compressibility with
pressure, respectively.
The linear compressibility of the a- and b-axes, at at-
mospheric pressure, are listed in Table 14, along with the
"anisotropic ratio," defined as 6g^/3^. The linear com-
pressibility data listed in Table 14 are shown in Fig. 26.
As indicated by the data in Table 14, the polyethylene crys-
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Table 14
Linear Compressibilities at P = 1 atm. g o and 3, ,D
And the "Anisotropic Ratio" for the Polyethylene
Crystal Lattice.
T(°C) e^ClO-'-^cm^/dyne) 6^(10^^cm^/dyne)
-75 5. 267 4 . 367 1.206
-50 6.321 4
. 485 1.409
-25 7.672 5 . 077 1.511
0 8. 855 5
. 653 1.566
25 9.968 6 . 126 1. 627
50 11.43 7.038 1.624
75 12.59 7. 869 1.600
100 15. 52 8.343 1.860
125 24.60 8.738 2.815
tal lattice is most compressible in the a-axis directions.
This anisotropy was first described by Muller for paraffin
crystals with orthorhombic symmetry. For the n-C^r^H^^ crys-
tal, Muller obtained linear compressibilities of 3 = 2,5 x
a
—12 2 -12 210 cm /dyne and 3^ = 3.0 x 10 cm /dyne at room temperature.
Since these values were obtained from a single observation of
the compressed crystal at 1.2 kbars, it is highly probable
that the error in these estimates is significant.
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A more recent and quantitative investigation of the
pressure-linear strain relationships in the polyethylene
crystal lattice was conducted by Ito and Marui^'^ in 1971.
They determined the pressure dependency of the linear strain
in the a- and b-axis directions, and obtained the following
relationships at 20°C
-^a-axis = 11-^ ^ lO'^P - 0-120 x lO'V, (58)
and
"S-axis - ^-29 X 10-S - 0.0191 x lO'S^ (59)
where P is expressed in kg/cm^.
Since
(^1/^P) = 0a1/^P). (60)
we have from the lattice strain relationships listed above,
the linear compressibilities at atmospheric pressure
3^ = 11.5 X lO'-^^cm^/dyne (61)
and
3^ = 7.29 X lO'-'-^cm^/dyne (62)
If we refer to Fig. 26, it is possible to obtain estimates
for the linear compressibilities at 20°C. We obtain values
-12 2 -12 2
of 9.7 X 10 cm /dyne and 6 . 1 x 10 cm /dyne for the a- and
b-axis compressibilities, respectively. There is good agree-
ment between the values determined by Ito and those estimated
from the plots in Fig. 26. Although there is a slight dif-
89
ference in the compressibility values the anisotropy, calcu-
lated as is 1.58 in both cases. It should be noted
that this value is in good agreement with the theoretical
value of 1.76 from Odaj ima and Maeda,^^ based on "Set III"
potentials
.
The mechanical anisotropy of the crystal lattice in-
creases linearly with temperature from
-75°C to about 75°C
and increases drastically above 85°C. This increase in aniso-
tropy is directly related to the increase in the compressi-
bility in the a-axis direction, as shown in Fig. 26. This is
within the temperature region of the a relaxation at times
comparable in length to those required for the x-ray deter-
mination of the unit-cell dimensions.
Currently, there are two distinct theories for the a
c
relaxation, the axial rotator theory^^ and the incoherent
lattice vibration theory. Studies by Tsuge,^^ Sinnot^^ and
94by Takayanagi on linear polyethylene indicate that the a
c
relaxation is due to reorientation of molecules within the
crystals. The way in which the reorientation produces the
mechanical relaxation has as yet not been established. How-
ever, the incoherent lattice vibration theory does have the
advantage of relating the onset of molecular motion and the
modulus relaxation which occurs at the ct^ temperatures. The
increase in the a-axis compressibility is a direct conse-
quence of the smearing out of the time-averaged interchain
potential field. Because of the weak lateral attractive
90
forces in the crystal lattice, incoherent lattice vibrations
with rather large amplitudes are excited at higher tempera-
tures. According to Peterlin et al.^^ these vibrations
"smear out" the interchain potential field over a period of
time, and the time-averaged interchain force constant is less
than the "instantaneous" force constant. Moreover, the addi-
tional modulation of the spatial distribution of the elec-
trons, the van der Waals forces, caused by the incoherent
vibrations of the molecules within the lattice tends to lower
the associated interchain potential field.
If measurements are made over a sufficient length of
time the relaxed force constant will be observed. X-rays
"observe" the time-average lattice and are relatively insensi
tive to movements of the molecules. At higher pressures the
relaxation should show a lesser dependence on temperature
than at atmospheric pressure. This suggests that there is a
decrease in the anharmonicity of intermolecular vibrations
due to compression of the crystal lattice. It is conceivable
that the molecular motion within the crystal, associated with
the a relaxation, is possible as a result of the smearing
o
out of the interchain potential.
C. Pressure-Volume Relationship of the Polyethylene
Crystal Lattice
In order to obtain an estimate of the bulk compressi-
bility the pressure-volume data presented in Table 7 were
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fitted to third order polynomial functions. The coefficients
of the polynomials for each temperature investigated are
listed in Table 15.
Table 15
Coefficients of the Polynomials V = e v pi
T(°C) Pressure Range
(Kbars)
V. v^xlO^ V2X10^ VgXlO^0
-75 0-7. 30 0. 9666 -0. 8981 0. 3643 -1. 370
-50 0-7. 50 0. 9738 -1. 012 0. 4582 0. 3260
-25 0-7. 55 0. 9817 -1. 327 0. 8700 -0. 1350
0 0-7. 60 0. 9873 -1. 409 0. 8724 -0. 1621
25 0-7. 60 0. 9956 -1. 615 1. 174 -4. 330
50 0-8. 80 1. 0036 -1. 837 1. 538 -6. 959
75 0-7. 60 1. 0100 -2. 078 1. 979 -9. 182
100 0-6. 90 1. 0216 -2. 427 2. 399 -12. 58
125 0-7. 50 1. 0297 -3. 187 4. 579 -29. 73
By differentiation of each polynomial listed in Table 15,
with respect to pressure, the bulk compressibility-pressure
relationship can be obtained. For example,
3(Kbar)""^ 25 = ^-^^ ^
^^"^
" 2.36 x 10"S + 13.0 x 10"^P^.
(64)
At atmospheric pressure, the bulk compressibility of the poly-
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ethylene crystal lattice at 25^0 is 16.2 x IQ-^^^m^/dyne
.
According to Ito and Marui
,
the compressibility-pressure re-
lationship at 20OC can be represented by the following ex-
pression
BCkg/cm^)-!^^ = 19.1 X 10"^ - 0.286 x 10"^, (65)
where P is in kg/cm^. At atmospheric pressure, they obtain
a value of 19.1 x lO'^^cm^/dyne for the compressibility of
the crystal lattice.
An x-ray study of polyethylene was made by Sham, Newman
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and Pae for pressures up to 14 kilobars at 25°C. Both the
equipment and techniques used in this investigation are very
similar to those utilized in this work. An empirical repre-
sentation of the equation of state for the polyethylene lat-
tice was derived from the pressure-volume data. The pressure
dependence of the volume compressibility is described by the
following relationship
BCkg/cm^)"-"- = 15.57 x 10"^ -
0.2006 x 10"S + 0.969 x lO'^'^P^, (66)
2
where again P is in kg/cm . At atmospheric pressure Sham et
-12 2
al . obtain a value of 15.57 x 10 cm /dyne for the compres-
sibility of the polyethylene lattice at 25°C.
Following the magnitude of the compressibility itself,
the next significant features are the variation of compres-
sibility with pressure and temperature. It is logical to ex-
pect that the compressibility will decrease with increasing
pressure, and this is indeed indicated by the data from Ito
and Marui, Sham et al
.
and this study. Furthermore, it is
expected that substances which have a high compressibility
also have a high rate of change of compressibility with pres-
sure. This trend is shown in Fig. 27. Ordinarily the com-
pressibility decreases at a high rate at lower pressures
but at higher pressures the rate of change should diminish,
since the repulsive forces within the crystal increase as
the molecules are brought closer together. This dimunition
of the rate of change of the bulk compressibility was not
observed by Ito and Marui within the maximum pressure mea-
sured approximately 3 kilobars. According to Eq. (65) Ito
and Marui have determined that the compressibility of the
crystal lattice decreases linearly with increasing pressure.
The results obtained by Hellwege, Knappe and Lehman^'^ are
also shown in Fig. 27. The above investigators determined
the compressibility of bulk polyethylene of varying degrees
of crystallinity via piezometry. By extrapolation to 100
percent crystallinity, the compressibility-pressure relation-
ship for the crystalline phase can be obtained. The compres-
sibility at atmospheric pressure, as determined from the data
of Hellwege et al. is in good agreement with the value deter-
mined from this study. However, it must be noted that at
higher pressures the compressibility obtained from the extra-
polation to 100 percent crystallinity deviates significantly
from the results of all three x-ray investigations. It is
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possible that this deviation results from the breakdown of
the two phase model at higher pressures. Using thermodynamic
definitions, such as the compressibility, the following ex-
pression can be used to describe the relationship between the
amorphous and crystalline phases in a semicrystalline poly-
mer
3 = . (1 - F^)B^, (3,)
where is that fraction of the total specific volume which
is crystalline. Eq. (67) permits one to calculate 3 for any
degree of crystallinity provided ^ ^ and F are known as a
function of pressure and temperature. The most obvious short-
coming of the two phase model at higher pressures is the va-
riability of the crystalline fraction. It is known for ex-
ample that amorphous polyethylene tends to crystallize when
compressed at elevated temperatures. This effect cannot ac-
count for the rapid drop of 3 with increasing pressures as
determined by Hellwege et al . The quantity 3 drops to about
c
35% of its zero pressure value at 2 kilobars.
The moduli usually measured for semicrystalline poly-
mers are averages over all crystalline elements. From the
theoretical viewpoint, the difficulty arises in determining
how to compromise between the assumption of uniform local
strain or uniform local stress. There are two simple models
representing the limiting cases in averaging polycrystalline
elastic properties. The Reuss model assuming uniform stress
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in all grains and the Voigt model assuming uniform strain In
all grains.
The nature of the crystalline grain structure deter-
mines which macroscopic average should be chosen for a given
specimen. For example, the Reuss average would hold exactly
for uniaxial tension in a specimen composed of single crystal
layers perpendicular to the stress (see Fig. 28), since the
stress would be uniform in such a specimen. The Voigt aver-
age would hold exactly for a specimen of single crystal fi-
bers parallel to the direction of stress, all fibers subject
to the same strain (see Fig. 28). Typically crystalline ar-
rangements are more random and lead to macroscopic averages
of the elastic properties in between the limiting cases.
Odajima and Maeda (1966) computed both the Reuss and
Voigt averages for the Young
' s, shear and bulk moduli of un-
oriented cyrstalline polyethylene. Their results are shown
in Table 16. The compressibility (g) is the reciprocal of the
bulk modulus (K). It is of interest to note that the experi-
mental values are much closer to those predicted by the Reuss
model than by the Voigt model. A significant feature of the
Reuss model is its suppression of the large modulus along the
chain axis. It should be pointed out that the agreement be-
tween the compressibility calculated by Odajima et al., as-
suming the Reuss average model, and the experimental result
from Ito and Marui is excellent.
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Having compared our room temperature compression data
with others, it is now worthwhile to compare the experi-
mental results with those a theoretical calculation by
48 49Pastme.
'
Pastine's detailed calculation of the equa-
tion of state for crystalline polyethylene is based on com-
putations of the zero degree Kelvin, and thermal contribu-
tions to the potential energy of the lattice. The empirical
input data used to calculate the 0°K isotherm were the di-
mensions of the unit-cell at 77°K, a repulsive potential
^RH = AexpC-eR^) (gg)
representing the interaction between nonbonded hydrogens (X
and £ are constants and R^^ is the interhydrogen distance),
and an attractive van der Waals potential of the foiro
^R " (69)
was used to describe the interaction between any two CH^
groups (y is a positive constant and R is the separation).
Pastine's calculation of is represented by the expression
Po(x'') = -plidUQ/dx''] , (70)
c c
where is the crystal density at P = 0, T = 0 and x
Pastine determined the following expression for the
thermal pressure
P^ = 2F^nkTy^D(0^/T)/x^, (71)
where is some fraction, 9^ is the Debye temperature for
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the Debye-like vibrational modes of the polyethylene chain
and D O^/T) is the function
9 ^ /T
D (e^/T) = 3(T/e^)3 /x^dxCe^ - iy\
is the Gruneisen parameter defined by Eq. (12). Pastine
utilized a variation of Slater's semi-empirical expression
for the Gruneisen parameter, where
=
-1/2 [1 + V(52p/6v2)^(5P/5V)-^]
. (73)
Pastine's results for the volume change of the poly-
ethylene are shown in Fig. 29, along with the results of Ito
and Marui, Sham et al
.
and this work. The agreement between
the experimental results from both this study and the results
from Sham et al
.
and the predictions of Pastine is excellent.
The results of Ito and Marui appear to be greater throughout
the pressure range examined, and deviate by about 20% at
3 kilobars. It is interesting to note that Heydemann et al .
,
who measured the bulk modulus of low density polyethylene,
found their data to be in excellent agreement with calculated
values from Pastine (see Fig. 2).
The isothermal bulk modulus of crystalline polyethylene
at atmospheric pressure, calculated from Eq. (64), is about
62.5 kilobars. This is in excellent agreement with the theo-
retical value of 61.0 kilobars calculated by Pastine. Under
the same conditions the data of Ito and Marui indicate that
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the bulk modulus should be about 52.4 kilobars. Sham et al
.
arrive at a value of 64.1 kilobars, which is in excellent
agreement with the result from this work and the calculated
value from Pastine. At this point it is reasonable to con-
clude that the equation of state for crystalline polyethylene
developed by Pastine is valid, and that it can predict the be-
havior of crystalline polyethylene.
It has been recognized that the Grllneisen parameter
(Y), is an important parameter for describing certain proper-
ties of the solid state. This constant, which relates the
thermal and mechanical properties of a solid, often appears
as a measure of anharmonic effects. The magnitude of y is
an index of just how anharmonic a system is. Metals and
ionic crystals tend to be harmonic and have low y values,
whereas polymeric crystals tend to be more anharmonic with
relatively high y values. A harmonic solid would have a
Y = 0 and would exhibit no thermal expansion.
The Gruneisen equation of state may be written as
P = Pq YUj^/V, (74)
where P^ is the pressure along the 0° Kelvin isotherm and
is an internal energy due to the thermal agitation of the
lattice of volume V. Differentiation of Eq. (74) with re-
spect to temperature yields
(6P/6T)^ = yCy/V. (75)
Substituting the following expression
100
into Eq. (75) and solving for y yields
which is the conventional definition of the macroscopic
Gruneisen parameter.
Anharmonicity of the crystalline force field of poly-
ethylene is predominantly associated with the interchain
force field. This concept appears valid when the results of
89 88Swan, Cole and Holmes and this investigation are con-
sidered. Wada^°° has pointed out that since the interchain
vibrations predominantly contribute to y, only that fraction
of the specific heat due to interchain vibrations should be
used in Eq. (77) where
Y = aV/B.^C^ . (78)
inter.
Since values of the interchain heat capacity are not acces-
sible, this imposes a limitation on the usefulness of Eq.
(78) for calculating y.
From the results of Slater , "'"'^'^ the Gruneisen parameter
of an isotropic solid can be evaluated from its equation of
state as
Y = -2/3 - 1/2 (V6^P/6V^)( 6P/6V)"-^, (79)
where P is the pressure corresponding to the volume V. Since
the volume contraction of the polyethylene crystal lattice
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occurs predominantly in the plane perpendicular to the mole-
cular axis, Pastiness modified Slater's^O^ original expres-
sion and obtained Eq. (73).
46Barker has shown that the Grlineisen parameter can be
estimated from the isothermal pressure-volume expression
-AV/Vq = a^P + a^P^ + agpS.
^80)
If one differentiates Eq. (80) to obtain (6V/6P), and inverts
to get (6P/5V) then (sh/SY^) can be obtained. As P-O it can
be shown that
(6P/6V) = 1/a^VQ (81)
and
(62p/6v2) =
-2a2/a^\^ (82)
Therefore, by Eq. (73)
Y = -1/2 - (a2/a^^). (83)
The Gruneisen parameter calculated from the pressure-
volume measurements at 25°C from this study is 3.99. Analyz-
ing Ito and Marui's compression data for the polyethylene
crystal lattice shows that y equals 3.40 at 20°C. Sham et al
.
obtained a value of 3.64 for y at 25°C. The agreement between
these values is remarkable considering the errors which are
possible in these types of experiments. In the assumption
that only the interchain potential exhibits the anharmonicity
,
Gruneisen 's equation for the interchain heat capacity of the
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polymer crystal is written
Snter = ^'/'t^' (^4)
where a is the thermal expansion coefficient, V is the speci-
fic volume, 6^ the isothermal compressibility and y is the
Griineisen parameter. For crystalline polyethylene, according
to results from this study, a^^ = 3.08 x lO'^/^K,
^25 " 0-9954 cm /g, B^g = 1-62 x IQ-^^cm^/dyne and y = 3.99.
Computing the interchain heat capacity by Eq. (84),
= 4.73 X 10 ergs/gm-°K. According to Mopsik andinter
Broadhurst = 2.14 x 10^ ergs/gm-°K, which is
inter
nearly 55% lower than that value determined from this study.
The value of obtained by Mopsik and Broadhurst re-
inter
suited from a careful calculation, using a complete vibra-
tional analysis of a 76 carbon alkane chain. Besides the ex-
perimental error associated with each parameter used to cal-
culate Cy
,
the greater value from experimental quanti-
inter
ties suggests that a significant contribution to
inter
might result from defects present in the crystal lattice.
The heat capacity of polyethylene is relatively well
known as a function of crystallinity , so it is possible to
extrapolate to a value for 100 percent crystalline material.
The estimated heat capacity at constant volume (Cy) of crys-
talline polyethylene at 298°K is 1.58 x 10^ ergs/gm-°K, ac-
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cording to Wunderlich. The values, both calcu-
inter
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lated and theoretical, are much less than the estimated speci
fic heat at this relatively high temperature because the lat-
ter includes, besides interchain specific heat, contributions
from intrachain and intra-unit vibrations.
D. Pressure-Volume-Temperature Relationship of the
Polyethylene Crystal Lattice.
It was found possible to represent the specific volume
(V) over the range of pressure and temperature observation by
an equation of the following form:
V(P,T) = {Vq^q + b^T + b2T2 + bgT^} +
(85)
03 ^31^ "32" " ^33
where P is the pressure in kilobars, T is the temperature in
°C, and Vq^q, b^ and a^^ are constants.
The constant Vq^q was determined, as already mentioned,
by a direct measurement of the specific volume at atmospheric
pressure and 0°C. The constants b^ were determined by a
least squares computation based on Eq. (86)
V(T)p^Q= Vq + bj_T + b^T^ + bgT^, (86)
relating specific volume and temperature for observations at
atmospheric pressure. The remaining constants in Eq. (85)
were determined by least-squares computation based upon
104
Eq. (87)
where
^1 = "01 ^ ^11 T + a^-L t2 + a^^T\ (gg)
^2 = ^02 ^ ^12^ ^ + a32T3, (89)
^3 = «03 ^^IS^ ^^23^^ + ^33^^ (90)
The values of the constants obtained in this manner were:
V(P T) = {0.9880 + 2.954 x 10"S + 2.200 x 10"V}
-{1.421 X 10"^ + 5.865 x 10~^T + 7.710 x 10~^T^ +
4.300 X 10 ^T^}P
+{9.478 X 10 ^ + 4.164 x 10 + 2.506 x 10"^T^ +
1.240 X lO'^T*^}?^
(91)
-{1.323 X 10 ^ + 2.441 x 10 '^T + 6.633 x 10"^T^ +
6.200 X 10~-'-"'-T*^}P^.
The pressures are expressed in kilobars, the temperatures in
3
°C and the specific volume in cm /g.
The specific volumes calculated by Eq. (91) reproduce
quite well the original data given in Tables 6 and 7. It is
of interest to note that the specific volume at 100°C and 5
104kilobars pressure, measured by Yasuniwa et al . has a value
3
of about 0.941 cm /g. The specific volume predicted by
3
Eq. (91), at the same pressure and temperature, is 0.944 cm /g
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and in excellent agreement with the value determined by the
aforementioned investigators. For greater completeness we
show the equation of state, the relation between pressure,
temperature and volume. This is done in Fig. 30, where the
P
-
V
-
T surface of crystalline polyethylene is shown in
perspective
.
The compressibility values calculated by Eq . (91) are
shown in Fig. 31. The cross over of certain compressibility
isotherms also occurs when the isothermal compression expres-
sions listed in Table 14 are used to calculate the isothermal
compressibility-pressure diagram. Hence, we conclude that
compounding of errors in volume and pressure, when the deri-
vative (5V/6P) is taken, is responsible for this behavior.
E. Melting of Polyethylene under High-Pressure.
Polyethylene is a relatively highly crystalline polymer
and exhibits a sharp melting phenomena analogous to that of
substances of much lower molecular weight. The melting curve
of polyethylene as a function of pressure has been reported
by several investigators, '^^^ ' "^^^ but no other previous
investigations of the effect of pressure on the thermodynamics
of melting by direct methods have been reported.
Practically all substances increase in volume upon
melting, hence the melting point increases as the pressure
increases, in accordance with the Clausius-Clapeyron equa-
tion. The melting curve of crystalline polyethylene is shown
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in Fig. 22. These data (see Table 8) were fitted to a third
order power series equation by a least squares computation
With the following result
TJP) = 133.7 + 28.16P - 1.507p2 - 1.092x10"^, (92)
Where is the melting temperature In =C and P Is the pres-
sure in kilobars. The melting temperature-pressure curve has
an initial slope of 0.028°C/bar and shows a concavity towards
the pressure axis. Baer and Kardos^^^ have determined that
at 136°C and 1 bar aT_^/«P is 0
. 0305°C/bar, whereas Osugi and
10 8Kara arrived at a value of 0
. 0253oc/bar
. The two previous-
ly mentioned values represent the high and low experimentally
determined values of 5T^/6P at 1 bar, respectively. At the
maximum of the melting temperature-pressure curve (5T /6P = 0)
the specific volumes of the crystal and melt are identical,
although these two condensed phases have distinctly differ-
ent fine structures and entropies. Investigations of pres-
sures as high as 30,000 atmospheres-^^^ have failed to define
the pressure at which 5T^/6P = 0 for polyethylene.
The Clausius-Clapeyron equation is a basic thermodyna-
mic relation
6P/5T = AS/AV, (93)
that is applicable to any one component system distributed in
two phases under equilibrium conditions. AS is the change in
entropy, and AV the change in specific volume attending the
change of phase. 6P/6T is the pressure-temperature gradient
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for the system at equilibrium.
The calculated values of the volume of fusion for poly-
ethylene are listed in Table 17. Values of AV^ in Table 17
represent the volumes of fusion calculated by using the data
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of Matsuoka for the volumes of the melt at the melting tem-
perature. The volume of fusion-pressure curve (see Fig. 32)
is convex toward the pressure axis at pressures less than 1.5
kilobars and tends to decrease linearly at the higher pres-
sures .
Table 17
Effect of Pressure on the
Melting Parameters of Crystalline Polyethylene
.
Pressure
(bars) 5T^/5P(°C/bar) AVj,(cra^/g) ASj,(cal/CH2-deg)
1 0.0282 0.236 2.71
850 0.0256 0.188 2.41
1300 0.0243 0.173 2.34
1600 0.0233 0.165 2.33
2350 0 .0210 0. 148 2.32
2550 0.0203 0.146 2.35
3000 0.0189 0.134 2. 32
Our values of AV_, at 1 bar, of 0.236 cm /g is higher than
J?
the result of 0.20 cm /g from Matsuoka, and lies at the
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higher limit of the theoretical values, between 0.196 and
0.239 cm^/g. Our results are consistently higher than the
results of Matsuoka throughout the pressure range (see Fig.
33), but the difference becomes less with increasing pres-
sure. For example, at about 3 kilobars Matsuoka determined
that AVjp is 0.130 cm^/g, a difference of 2.9% from our esti-
mated value of 0.134 cm^/g. m Fig. 33, the broken lines show
the data of Matsuoka. For further comparison, it is of in-
terest to note that Maeda and Kanetsuna^^^ have obtained
values of 0.235 cm^/g and 0.138 cm^/g for the volume of fu-
sion at 1 bar and 3 kilobars, respectively.
Knowledge of oT^/6P and AV^, permits the calculation of
the change of AH^ and AS^ with pressure from Eq . (93).
Table 18 is a summary of the thermodynamic data of melting
for crystalline polyethylene. The volume, and entropy of
fusion as a function of pressure are shown in Fig. 33. For
comparison Matsuoka 's data are also shown and are indicated
by the broken lines. Since the slope 5T /5P decreases with
m'
increasing pressure (see Fig. 32), the volume of fusion
should decrease at a more rapid rate than the entropy of fu-
sion, according to Eq. (32). This is indicated by the cal-
culated data in Fig. 33, where the entropy of fusion de-
creases slightly in the pressure region below 1 kilobar and
remains practically unchanged throughout the rest of the
pressure range. We observe a decrease of 12.5% in AS^, with
• >
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Table 18
Thermodynamic Data of Melting of Crystalline Polyethylene
P„(bars)
m ' AHpCcal/CH^) ASj,[cal/(CH - deg)]
1
850
1300
1600
2350
2550
3000
134
156
167
175
192
195
205
1103
1027
1030
1043
1079
1099
1109
2.71
2.41
2.34
2.33
2. 32
2.35
2.32
pressure, from 2.71 cal • ( CH^-deg)"-*- at 1 bar to 2.37 cal-(CH^-
deg) at 1 kilobar. Leute and co-workers''"''"^ observe a simi-
lar relative decrease of AS^, with pressure, from about 2.4
cal- (CH2-deg)~''" at 1 bar to 2.1 cal • ( CH2-deg) "''• at 1 kilobar.
Karasz and Jones''"''"'^ have determined that AS.^ decreases from
2.40 cal- (CH2-deg)"-'- at 1 bar to 2.20 cal • ( CH2-deg
)
"''•
at 1
kilobar and 2.14 cal • ( CH2-deg)~"'" at 1.6 kilobars. Through-
out the pressure ranges examined by Luete et al. and Karasz
and Jones, their values of AH^, and AS^, are consistently lower
than the values from this study. This divergence results
from the lower estimated values of AVj, used in conjunction
with Eq. (93)
.
Ill
formation: phase transformation from orthorhombic lattice to
monoclinic, and (110) twinning. The appropriate stresses to
operate either of these modes are similar. Compressive
stresses in a range of directions near to the a-axis produce
the phase transformation. When the crystal is compressed
along the b-axis, the (110) twinning is predominant.
As discussed previously, the pressure field generated
in the opposed diamond anvil-cell is not hydrostatic. There
is an additional component of stress in the direction of the
applied load. The phase transformation is observed in such
crystallites having orientations within a narrow angular
range of the compressive axis. On the other hand, in the
crystallites with their b-axes oriented near the axis of com-
pression twinning occurs. These orientations and modes of
deformation are shown in Fig. 34.
There is usually a simple relation between the two lat-
tices before and after a phase transformation. Of the rela-
tionships suggested, the one shown in Fig. 34 requires the
least displacement of chain molecules and requires the lowest
compressive stress. In practice, when a new diffraction peak
appears as a result of a phase transformation the diffraction
maxima of the other form lose intensity. With respect to
this study, the monoclinic form in Fig. 34 is found to be
compatible with the observed results. For this form, the lat-
tice parameters of the unit-cell are: a(S) = 8.90, b(S) =
2.54, c(S) = 4.45, and a = 112 . 5° . ""--^^
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When a crystal twins changes in crystallographic orien-
tation are large and discrete even when the degree of defor-
mation is minimal. As can be seen in Fig. 34, the angular
relation of the (110) axes of the twinned crystallites to
both the direction of stress and the incident x-ray beam is
unchanged. This would explain the observed change in the in-
tensity of the (200) diffraction lines relative to the (110)
lines with increasing pressure.
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Appendix 1
Computational Procedure
Given the wave length of the impinging x-rays (A) the
scattering angle (9) from the crystal planes in question can
be calculated from the Bragg equation,
^hkl = ^^/2^hkl>- (94)
The scattering angle is rewritten in terms of the lattice
parameters and the Miller indices, giving the "working
equation ,
"
sin^e^j^^ = x2/4(h^a ^ + k^b"^ + l^c'^). (95)
A basic least squares calculation is used in order to obtain
the most probable values for the lattice parameters. This
process is accomplished by minimizing the sum of the squares
of the residuals of the following equation
R = Z(sin^e. - b.x. - b^y. - b„z.)^, (96)
. 1 li 2-'i 3 1^ ' '
1
where
and
b^ = A^/4a^, = A^/4b^, bg = X^/4c^, (97)
X = h^, y = k^, z = 1^. (98)
The "normal equations" to be solved are derived in the usual
manner and have the form
122
'"'^'i-^^^-Vi- Vi'- Vi^i- Vi-i). (99)
(100)
6R/6b3 =
-2Z(sin2e.z. - b^x.z. - b^y.z. - ^^..^^ (101)
These "normal equations" can be represented
forms
in the following
bw Zx
.
+ b^Sx.y.
2 . 1-^ 1 3. 1 1
= Esin 6 . x
.
,
i ^ 1
(102)
b-Zx.y. + b^Zv1. l"'! 2 + bgZy.z^ = Zsin^O.y^, (103)
^i^^i^i ^2^yi^i + b^Zz,^ = Zsin^e .z.3.1
. 11 (104)
In order to facilitate the matrix manipulations used in ob-
taining the solution of the simultaneous linear equations ex-
pressed previously, the series of equations is represented in
the form of a coefficient matrix and constant matrix:
^12 Sl3 =^1
^21 ^22 ^23 = '^2
Si ^32 ^33 ^3 ^3
(105)
This 3x4 matrix is referred to as the design matrix, since
it describes the independent variables which have been in-
cluded in the experimental design.
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The least-squares equations for the estimates of the
lattice parameters are expressed in matrix form as
(106)
where S"^ is the inverse matrix of S, the coefficient matrix.
The 3 X 3 symmetric matrix S'^S, consisting of the sums of
products and squares S.
., is referred to as the information
matrix. The elements of the product of the inverse matrix
and the constant matrix will be the unknown b values. Thus
b = (S"^S) S"^k (107)
is the solution in matrix notation.
An estimate of the variance of the random component
• 2^
sin 9 . IS
1
= (n - 4) ^R, (108)
where R is the sum of squares of the residuals. The square
root of the variance, known as the standard error of the es-
timate, is used in obtaining the standard errors of the esti-
mated regression coefficients,
S.E.(b.) = a(C..)^/2, (109)
where C^^'s are the diagonal elements of the inverse matrix
(M"^).
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Schematic of gasket and sample preparation.
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a^b Lattice Dimensions vs. Temperature at 1 atm. of Pressure
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VOLUME of FUSION and the DERIVATIVE ^J"^ vs PRESSURE
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